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PREPACE: 


‘The plane curves of the third order have four features in 
which they chiefly differ from those of the second order. As 
the equation of a cubic curve contains four more constants 
than a quadric, a larger group of transformations is appropriate 
if not essential; the projective group is employed instead of 
the group of affinity and rigid motions. While the projective 
group has eight parameters, the cubic curve has nine, and 
there is one invariant or characteristic constant exhibited by 
every proper i. e. not composite cubic. This different group 
and the single absolute invariant are the first novel feature. 
The second is the possibility of two real branches, and the 
certainty that one of them is odd, whereas the conic can 
have but a single real branch, and that an even one. The 
third is the occurrence of points of inflexion, where the tangent 
line has three in place of two coincident points of intersection. 
The system of the nine inflexions is doubtless, geometrically, 
the central and conspicious part of the theory of these curves. 
The fourth feature is seen in the so called parameter- 
representation of the points of a non-singular cubic, — one 
whose odd branch does not cross itself; — for while rational 
or trigonometric functions of the parameter sufficed for conics, 
and indeed for the very extensive class of rational curves, a 
cubic requires elliptic functions of the parameter. 

Closely connected with this last is the fact that on a given 
cubic not all the points can be selected arbitrarily in which 
the curve shall be intersected by another algebraic curve. 
One point is fixed by the choice of the others. This is the 
origin of the theory of residuation, whose logical basis is the 
famous “Fundamental theorem’ of Noether. It is impossible, 
since 1870, to ignore the need of this theorem, yet no standard 
text book has to my knowledge presented a strict proof; it 
is plausible, but requires demonstration. Here will be found 
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a proof simplified as far as possible by restrictive hypotheses; 
and it is believed that careful reading of this argument will 
give the student an insight into more complicated cases. 

As to invariants, a minimum of purely formal work is 
introduced. The polar process: and the Hessian determinant 
are shown to be unchanged, save for factors, by linear trans- 
formations. Then by the use of a normal form the number 
of constants is reduced, and the H.C. F. process shows the 
Hessian of a Hessian linearly related to the fundamental 
cubic and its Hessian in an identity, whose coefficients.are 
necessarily invariants. This seems a strategic and quick way 
to reach the two formal invariants, and the one absolute. 
From these, by a development in Taylor’s series the two 
evectants or line-cubics of principal importance for geometry 
are found, and so the doubly apolar line-cubic. This devel- 
opment may interest by its novelty those to whom the theory 
of invariants is well known. The fifth chapter culminates 
in the division of proper cubics into three classes by the 
discriminant. 

In addition to the more usual modes of generation of cubic 
curves, there will be found that by semi-perspective involutions, 
employed so effectively in Schroeter’s synthetic treatise; and 
the pentagon construction of P. Serret. 

For the elliptic integral of the first kind, the Weierstrassian 
normal equation of the curve is used as a matter of course; 
and for demonstration of Abel’s theorem on complete sets 
of points a discussion from the Algebra of H. Weber. the 
most direct elementary proof that I have seen, was readily 
adaptable. This is equivalent to the addition-theorem. for 
the Weierstrassian p-function, and this geometrical setting 
has much to commend it, at any rate in contrast to the often 
preterred treatment of sinam (u). 

Though this book is intended as merely an jateencuon 
to a rich and attractive field, (in some sense a complement 
to. the sections on cubics in Pascal’s. Repertorium and in 
G. Kohn’s synopsis in the Encyklopiidie der mathematischen 
Wissenschaften, it seemed imperative that the elements of 
apolarity should be included. On the other hand the subject 
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of linear systems of cubics in two or more parameters is so 
broad that a brief chapter is hardly possible. Other minor 
omissions it is hoped will be pardoned on the plea of brevity. 
The author sincerely hopes that no reader will be satisfied 
with this meagre introduction, but that is may be found helpful 
as a stepping-stone to many extensive and beautiful treatises 
on special themes, and a stimulus to further exploration. 

It is believed that the treatment of sets of nine associated 
points of a plane is somewhat more full and satisfactory, i. e. 
more rigorous, here than in any text hitherto published. The 
construction of the ninth point when eight are given is one of 
the special problems most frequently attacked in mathematical 
journals, and it may still be matter of doubt what solution 
is most economical of labor and logic. While chief stress 
is laid on analysis, I have thought it almost essential on this 
problem to outline the practical solution indicated by the 
equations; but I have not examined here the expedients for 
lessening labor invented by the various writers, not even the 
solution by Rohn, singled out for commendation by Kohn in 
the Encyklopadie. 

The author desires here to acknowledge with gratitude the 
assistance of three institutions: Northwestern University and its 
Acting President, Daniel Bonbright, who granted a semester’s 
leave of absence when this work was begun; Vassar College 
and the National Research Council, who jointly assumed 
financial risk; also the generous cooperation of the Harvard 
University Press, which undertakes the publication. 


Vassar CoLtnece, June, 1924. 
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CHAPTER I. 


The real branches of a cubic. 


§ 1. Definition of a cubic, proper or degenerate. 
Realand imaginary points. Projective transformations. 


A plane curve of third order, or cubic curve, is the locus 
of any equation of the third degree in rectilinear coordinates. 
The equation may be non-homogeneous, that is, it may con- 
tain two variables to the third and lower degrees; or it may 
be made homogeneous by the use of trilinear coordinates, 
and then every term will be of the third degree. Under this 
definition three right lines must be considered as constituting 
together a cubic curve; so also a conic and one right line, 
since their equations can be so combined by multiplication 
as to form one of third degree satisfied by all points of the 
three lines, or of the line and the conic. For if /—0, 
m —0O, n — 0 are equations of three lines, then the equation 
l-m-n =O is Satisfied for all points of each line. The 
aggregate of a conic: ® — 0, and a line: / = 0, is the locus 
of the cubic equation: 1-® — (0. These we shall call 
degenerate cubics, defining the term thus. A cubic which 
contains all the points of a curve of order lower than the third 
is a degenerate cubic; all others are proper cubics. 

Denote by f(x, y, 1) — 0 any real non-homogeneous cubic 
equation in rectilinear coordinates w and y. For any real 
value of x this equation has as roots either three real values 
of y, or one real and two imaginary values. Again for 
real y, ~ may be imaginary; or the equation may be satisfied 
by imaginary values of both coordinates. If, of two values 
(x,y) satisfying a cubic equation f(x,y, 1) = 0, either one 
or both are imaginary, they are said to be coordinates of 
an imaginary point of the cubic curve. Every curve will 
possess imaginary points, since imaginary values may be 
assumed for either coordinate, and the resulting equation must 
give corresponding values for the other. Certainly also every — 
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cubic in whose equation the coefficients are all real must 
contain real points, since to a real value » corresponds at 
least one real root of the cubic equation for y. These real 
points may be so connected that a variable point can pass 
from any one to any other without leaving the locus of real 
points; in that case the locus is said to consist of one real 
branch. Otherwise there may be two real branches of a cubic. 
both together constituting the entire real cubic. The first 
important question presented is this: What zs the form, or what 
are all the possible forms of real cubics?* ‘ 
The discussion of this question is much simplified if we 
adopt the projective point of view. We shall therefore con- 
sider as equivalent forms all cubics which are projective to 
one another. From the projective standpoint,’ all infinitely 
distant points are said to lie on a straight line, called the 
line at infinity. The plane can be so transformed by projection 
that the line at infinity shall be brought into any arbitrarily 
chosen position in the finite region; conversely, any arbitrary 
line may be projected to infinity. In fact, any four lines 
may be projected into the position of any other four, provided 
that no three lines in either set have a point in common. 
Every such projective transformation, or collineation, is 
represented algebraically by some linear substitution upon 
homogeneous rectilinear coordinates. For present purposes 
projective transformation will be used only to transfer infinitely 
distant points to the finite region in a plane, and vice versa. 


§ 2. Intersections of a right line and a real cubic. 

A real cubic is met by every real line in either one or three real 
points. Let the cubic be given by the equation f(a, y,1) = 0. 
If the equation of the line be y = ax-+b, then points common 
to both must satisfy the equation of degree 3 in x, 


(1) St (a, ax+b,1) = 0. 


* , Newron: Enumeratio linearum tertii ordinis (1706). Morxnrus: Ueber 
die Grundformen der Linien der dritten Ordnung (1849); see his Gesammelte 
Werke, Bd. Il, p.89. Cayiey: On the classification of cubic curves (1864); 
in Collected Mathematical Papers, Vol. V, p. 354. 

+ Satmon’s Conic Sections, Chapter 17. 
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As all coefficients in this equation are real, there must be 
either one or three real roots. But a real x gives a real y, 
hence there are one or three real points of intersection. 
Of course it might happen that (1) should be identically 
satisfied for all values of x, and in that case all points of 
the line must lie in the cubic,* hence the latter would be 
degenerate. The above theorem is therefore true without 
qualification only for proper cubics. 

From this it is evident that areal cubic has either one or 
three points at infinity; that is, intersections with the line 
at infinity. This is true even of degenerate cubics given by 
non-homogeneous equations; since if such a cubic contains 
the entire line at infinity its equation cannot be of higher 
degree than the second. For example, an ellipse and a right 
line constitute a cubic having one real point at infinity, while 
a hyperbola and any secant line form a cubic with three 
distinct real points at infinity, and a parabola together 
with one diameter constitute a cubic with three coincident 
infinite points. 


§ 3. Odd and even branches. Two classes of real 
cubics. 

Denote by A a real point of a proper cubic. Suppose a 
variable point P to start from the position A, moving along 
the real cubic always in the same sense, that is, not reversing 
at any point the direction of its motion. Eventually P must 
return to A, for an algebraic curve cannot have an end- 
point, either in the finite region,? or at infinity if we regard 
it projectively. If P passes through all the real points of 
the cubic in going from A to A always in the same sense, 
the cubic is said to have a single real branch; but if there 
are real points not traversed by P, the cubic must have at 
least two real branches. A proper cubic cannot have more 
than two real branches. Assume any two real points A, B 
on one branch, and join them by a right line. This line 
must cut the cubic in a third real point C. If C is on the 


* See also Chapter II, § 1. 
+See Byrerty’s Differential Calculus, p. 247. 
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‘game branch with A and B, this is termed an odd branch, 
because every line must meet it in an odd number of points; 
for if the line ABC is moved continuously until it coincides 
with any arbitrary line, no one point of intersection can pass 
to another branch except by passing through imaginary points 
(§ 2); and imaginary intersections necessarily occur in pairs, 
so that every line meets this odd branch either in three points 
or in one point. But if C is 
on a second branch of the curve, 
the first is called an even branch, 
the second an odd branch, for 
similar reasons. Now a cubic 
cannot have two even branches, since in that case a line 
joining a point A on the one and a point C on the other 
would cut the first in at least one more point B, the second 
in another point D, or at least four in all, while we have 
seen (§ 2) that only three intersections are possible. For the 
same reason the curve cannot have two odd branches; a line 
joining two points A,B on the one would meet that branch 
in a third point C, the other branch in at least one point B, 
or at least four in all. So far then as odd and even branches 
are concerned, a real cubic must fall into one of two classes: 
those with only one branch, an odd one; and those with two 
branches, one odd and one even. 


rig.1 


§ 4. Actual examples of unipartite and bipartite cubics. 


Are the two possible classes actually represented by real 
cubics? To see that they are, it will be simplest to use 
rectangular coordinates. Consider the line and the conic whose 
equations are respectively: y= 0 and s = 2?+y7?—7? = 0. 

The two loci di- 


ei vide the finite 
plane into four 
a" parts, each cha- 


racterized by the 
signs belonging to 
y and to s, as shown in the diagram (Fig. 2). Assume a point P, 
within the conic, on the negative side of the line, quite near an 
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intersection of the two, and let the values in Py be y = y, 
S=%. The product is small and positive, say yoso = c, and 
ys = c is the equation of a cubic through P. Its locus cannot 
cross either the line or the conic, but must lie always near to 
the one or the other, hence its aspect is approximately that of 
the two branches C;, C, in the above diagram. Again, take 
a line tangent to the conic, 

as for example: y i 0 

and s=2?+7?—r? = 0. 
The equation: (y+ 71) s 
= +e has for locus 

a cubic curve approxi- Fig.3 
mately like that in Fig. 3. 

To vary the figure further, use oblique axes, and consider 
the two equations: (y+a) (#?+y?—a’?) = —c2’, 
(y+ GO) cn". 

Their loci will be | 
in general like the 
light curve C; and 
the heavy curve 

” respectively in 
Pig.4, Of the 
above types C; 
is bipartite, the 
other three uni- 
partite. C, and 
C, are non-singu- 
lar, while the 
other two are sin- | Fig.4 
gular cubics, C3; ! 
having an ordinary double point, and C; a cusp. Ifa cubic has a 
singular point on a real branch, it can have no other real branch. 


C2 


§ 5. Points of inflexion cannot occur on an even 
branch, but three or one must occur on an odd branch. 


In figures 2 and 3 are seen parts of the odd branch convex 


downward, and adjoining them a part convex upward. The 
point of transition between two parts of a branch with con- 
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vexities on opposite sides is called a point of inflexion. A more 
precise definition is the following, illustrated in Fig. 5. If the 
tangent at any point P, on a real branch of a curve, and 
a secant through the 
same point contain in 
opposite angles two 
ares of that branch 
meeting in P, the point 
P is called a point of 
mflecion. But if the tangent of any point and any secant 
through the same point contain in two adjacent angles two 
arcs of the same real branch of the cubic meeting in that 
point, the point is an ordinary point of the cubic. This 
definition presupposes that the point P is not a double point 
or a cusp. We infer immediately that projection can neither 
transform an ordinary point into a point of inflexion, nor 
vice versa, for by projection vertical or opposite angles are 
necessarily transformed into opposite angles. The definition 
further is not applicable to imaginary points of inflexion, for 
which an algebraic definition must be given. 

An even branch of a real cubic cannot contain a point of 
inflecion. On an even branch let P be a point of inflexion. 
Then a secant can be drawn through P containing two other 
points of the same branch. For of two secants connecting P 
with points B and C on the arcs in opposite angles 7T'PA, 
T' PA’, either PB or PC must lie between TPT’ and the 
other secant. That is, either P7 and PB separate the 
lines PCand PA, or else 
PT and PC separate 
PB from PA. In the 
former alternative (as 
in the diagram Fig. 6.) 
the line PC must cross 
in some point C’” the are 
PB, hence the line PC must contain a point on each are, 
different from P, as C and C’; and as this branch is even, 
PC must meet it also in a fourth point, beside meeting the 
odd branch in (at least) one point. But no line can meet a 


Fig.5 
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cubic in five points (§ 2), hence the hypothesis of a point of 
inflexion on an even branch is absurd. 

An odd branch of a real cubic must have one point of in- 
Jlexion; and must have three unless it has also a double point 
or a cusp. First, the existence of at least one inflexion is 
shown as follows. If Q is a point on the odd branch, not 
an inflexion, double point, or cusp, draw QA tangent to the 
curve in Q, meeting the odd branch as it must in some 
additional point A (Fig. 7). If A is a point at infinity, trans- 
form by projection so that one arc QA becomes a finite are,* 
and so of necessity the chord QA a finite line. At Q the 
curve is convex toward the line, but in order to intersect 
at A it must be concave to- 
ward the line at some points Q A 
between Q@ and A, hence be- I 
tween Q and A must occur Fe 

cs hae : ig.? 
at least one inflexion J, as in 
Fig. 7. The argument fails if the finite arc QA crosses itself, 
as in Fig. 7a. In that case a line can be found cutting 


the line once, the are three times, between @ and A; pro- 
jecting this line to infinity gives a figure like 7b, in which 
the arc QA is finite and free from double points; for a cubic 
cannot have two double points, as a line connecting two such 


*This is possible if there is only one real point at infinity on the odd 
branch in question, i.e. if there exists a straight line meeting this branch 
in one real and two imaginary points, for such a line can be projected 
to infinity. Such a line can be found by rotating any tangent about one 
of its points, not the point of contact. 
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points would meet the cubic in four points. Similarly may 
be treated the case of a cusp occurring on a finite arc QA. 

Second, in the absence of double points and cusps, the 
existence of three inflexions on the odd branch is proved thus. 
Take as before for the line at infinity some line cutting the 
odd branch in only one real point, and that point not an 
inflexion. In this unique point at infinity, Q, draw the tan- 
gent (asymptote), meeting the odd branch in one finite point A. 
For reasons exactly the same as before, each arc QA now 
contains at least one inflexion. Or the contact may be at 
a finite point, and each are in turn can be made finite; and 
thus the preceding reasoning applies to show the existence 
of two inflexions. Finally these two arcs are known to be 
concave toward the tangent line on opposite sides of the line, 
hence they are in part of opposite curvature, and a transition 
point, or third inflexion, must occur. It is to be proved later 
that no cubic can have more than three real inflexions.* 

Non-singular real cubics consist therefore of either one odd 
branch with three real inflexions, or else such an odd branch 
and an even branch (or oval) with no inflexions. Singular eubics 
may have a real double point or cusp; and can have then only 
one branch, an odd one, with one real inflexion. 


* This argument is very similar to that of Morprus. See footnote on p. 2. 
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CHAPTER II. 


How points determine a cubic. Simplest theorems 
on systems of intersections on a cubic. 


§1. A proper cubic cannot meet a curve of order nin 
more than 3n points. Real cubics have real equations. 


In the theory of conics it is shown that any conic, or locus 
of an equation of second order, which has more than two points 
in common with a straight line, contains all points of that line. 
So of cubics the theorem is true: Jf a cubic curve have four 
pomts in common with a straight line, it contains all points of 
that line and is degenerate. 

Proor. Through a fifth point on the straight line, distinct 
from the four given common points, let a line 7 be drawn not 
coinciding with the given line. Project to infinity this line /. 
Employ non-homogeneous coordinates, taking for the y-axis 
(x == 0) the given line, for x-axis any other finite line not 
parallel to the first. Separate into two sets the terms in the 
equation of the cubic, all of the first set containing a factor 2, 
all of the second set not containing zx The equation is then 
written thus: 


F, (x,y, 1) = a-ha (2, ol aags (yt) == 0 


where the subscript denotes the degree of the polynomial. 
Therefore the intercepts on the line (x — 0) must satisfy an 
equation fs (y, 1) — 0. But this can have only three finite roots, 
whereas by hypothesis there are four. Hence all coefficients 
of this equation must be zero, and we have identically: 


Ps (a, Y; 1) = x fo (a, Y; 1). 


The locus of the equation: ~-f2(x, y, 1) = 0, consists of the 
conic: f2(z, y, 1) = 0, and the entire line: x—0. 4g. e.4. 
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A eubic and a conic may have as many as six points in 
common, for both may be degenerate, consisting of three and 
of two lines respectively. But a proper cubic cannot contain 
seven points of even a degenerate conic; for of the two lines 
of such a conic, one would necessarily contain at least four 
of the seven points of intersection, whence the cubic must be 
degenerate, as just now proved. Regarding intersections of 
cubies and conics it remains therefore to be proved that — 
Any cubic curve which contains seven or more points of a proper 
(nondegenerate) conic must contain all points of that conicy or 
a proper cubic can imtersect a proper conic in no more than 
six points. 

Proor. Choose suitably as before, if necessary, a line to 
be projected to infinity, and fix upon axes such that no two 
of the seven points have equal values of a. Arrange the 
equations of the two curves in descending powers of y: 


R@wyl=—y-fptyA@ty A®Dt+A@ = 9, 
D3 (x, y,1) = y*- Go ty- or (a)+ ¥2(@) = 0. 


Eliminate 7 from these equations by Sylvester’s dialytic method, 
as follows. Multiply the first by y and 1, the second by y?, y, 
and 1, in turn. This gives five equations, all satisfied simultan- 
eously for each of the seven points. They all contain linearly 
the five quantities y*, y°, y?, y, 1, hence. the determinant ot 
the five equations must vanish for a value of 2 equal to the 
abscissa of any one of the seven points. Call the determinant 
lg) iae. 16 


\fo Ail) fA) f@ 0 
(9 ff A@ fe) A@)| 


Bie) = g ile). ey 0 Gari 
10 go G(x) pa (x) 0 | 
|.0 0 Po pilx) (x) | 


The equation: (Ww) — 0 is of sixth degree or lower, as appears 
by inspection. Since it has by hypothesis seven distinct roots, 
A(x) must vanish identically. Now R(x) is compounded lin- 


SUE HOW POINTS DETERMINE A CUBIC 11 


early from F3(x, y, 1) and s(x, y, 1). To see this, multiply 
the first four columns of the determinant respectively by 
yy, y°. y, and add to the last column. Remembering the 
meaning of fo, f(x), fo(~), etc., we have the identity: 


Jo Jie aes Cpe ay 
(Os vais a 
R(x) = 90 1 2 O y?-O = M(z,y) -F— N(z,y)-@ =—() 
0 F M1 2 yO 
0 0 wey @®P 


where for brevity f; denotes fi(~), F denotes F(x, y, 1), ete. 
M(x, y) and N(x, y) are polynomials of degree 4 and 5 or 
lower in x, but in y of degree only 1 and 2 respectively. 
Hence by transposition the identity; M(x, y)- F(a, y, 1) 
= N(x, y)- O(a, y, 1). The second member must therefore 
contain the factor M(x, y); but by hypothesis: O(x, y, 1) = 0 
is the equation of a proper conic, i. e. M(x, y, 1) is not separable 
into factors rational in x, y; and @ is not itself a factor 
of M, which is of lower degree in y, therefore N(x, y) must 
be exactly divisible by M(x, y), with a polynomial (linear) quo- 
tient P(x, y). Division gives thus the identity: 


UNG RY, Ly = P@, y)- O(a, y, 1). 


Accordingly the cubic, /#’ — 0, contains all points of the 
conic, P== Or qe. d. 

As the theorem had been proven already for degenerate 
conics, it is valid for all conics. The same form of proof can 
be adopted exactly in establishing the following theorems: 
the theorem for curves of order n depending, in case of de- 
generation, upon the proof for all orders lower than n. 

THEOREM. Jf two cubics have 10 points in common, and one 
7s a proper cubic, they coincide throughout. If both be degenerate 
they have in common at least either an entire line or an entire 
conic. A consequence of this theorem is that a proper cubic 
with more than 9 real points must have an equation with 
exclusively real coefficients. For if some imaginary coefficients 
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enter, then for all real values of x, y on the curve, the equation 
falls into two parts, one with real, the other with pure ima- 
inary coefficients; and these two parts must vanish independently. 


Fa, y) = F’@, y+ V—1-F'(a,y) 
BO ana O% anid i (eng een 


These equations cannot be of higher degree than the third, 
and have therefore not more than 9 common solutions unless 
they are identically equal or have a common factor: in the 
former case the original equation can be divided by a complex 
constant, leaving all coefficients real; in the latter case the 
original equation contains the factor common to the parts, 
and the curve is degenerate. Real cubics have therefore real 
equations. 


Turorem. If a curve of order n (or a Cy) have with any 
proper plane cubic 38n-+-1 common points, it is degenerate, 
consisting of the cubic and a locus of order n—3. 

These theorems are here enunciated for curves whose known 
intersections are all distinct points, and the proof is dependent 
in each case upon the degree of the polynomial A(x) which 
results from elimination of one variable between the two equa- 
tions. This degree of the resultant must remain the same when 
two or more points of intersection vary, approaching as near 
as we please to a common limiting position. Hence when r 
points of intersection coincide, however the axes of coordi- 
nates may be chosen, the resultant R(x) will have a corre- 
sponding r-fold root. Conversely we adopt a definition of the 
multiplicity of an intersection which will render the above theorems 
valid for all cases, however complicated, of coincident points 
of wnteresection,—contact, osculation, hyperosculation, inter- 
sections in double points, triple points, cusps, ete. 

Definition. When the resultant R(x) of the equations of 
two curves: F(x, y) = 0 and O(x, y) = 0, obtained by elim- 
mating y according to Sylvester's dialytic method, does not 
vanish identically, then a common point of the two curves (x, y’) 
has a multiplicity r if «= 2, is at least an r-fold root of 
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the equation: R(x) = 0 for every possible choice of the coor- 
dinate axes, and is not for every coordinate system an (vr + 1)- 
Sold root. 

In all theorems concerning intersections of curves, a common 
point of multiplicity 7 is to be counted as 7 common points. 


§ 2. Two curves of orders m and n meet in ex- 
actly mn points. 

The theorems of § 1 are in one sense negative statements. 
They fix only a superior limit to the number of intersections 
of two distinct curves. The positive theorem is equally in- 
dispensable, which states that this limit is always the actual 
number. The proof is found in all complete manuals of algebra.* 
For reference the theorem is here stated without proof. 

THEOREM. Two plane algebraic curves of orders m and n, 
which have not an infinite number of common points, intersect 
in exactly mn points real or imaginary, each point of multi- 
pliaty v being counted as r points of intersection. 


§ 3. Nine points determine a cubic containing them, 
but for any eight points there is one ninth point 
which leaves the cubic indeterminate. 

The cubic curves present features which have no analogue 
in the theory of conics. Such are odd branches and points 
of inflexion, discussed in Chapter I. Others relating to sets 
of intersections of cubics with other algebraic curves are now 
to be examined. 

THEOREM. Jf three cubics have 9 common points, their 
equations are not linearly independent. 

Proor. Let the equations of the three cubics be denoted 
by y= 0, w=0, x= 0. Form the equation: y+iAw = 0 
with the value of 2 indeterminate. It denotes a cubic having 


* Hirst in Bezour: Théorie générale des équations algébriques (1779), 
§ 47, p. 32. 

See also: Satmon, Modern Higher Algebra (1885), p. 71; BrerMANN, 
Blemente der Mathematik (Leipzig 1895) pp. 259-263; Nurro: Vorlesungen 
iiber Algebra (1900), Bd. I, p. 355; Curysran, A Treatise on Algebra 
(1886), Vol. 1, p. 284. 
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in common with the cubic: y = 0 the 9 points of intersection 
of the two curves: » =0, w= 0. On the curve: y= 0 
assume any tenth point (2’, y')andlet 9 (7"',y) =9', We y= Vv. 
Neither g’ nor w’ can be equal to zero, since no two of the 
given cubics have ten common points. Determine 2’ so that 
gy’ +4’ wy’ = 0; then the cubic y+ 2’ yw = 0 has 10 points in 
common with the cubic y= 0, and therefore coincides with 
it throughout (J,§1). The equations can differ only by a 
multiplicative constant, hence for some value of yw’: 


| 
gtiw =—wy or gti wuz, = 0. 


There exists therefore a linear identical relation among the 
three equations, as asserted by the theorem. 

Intending now to find how many cubices can pass through 
9 arbitrary points, we must first examine this question: Can 
three cubics through eight arbitrarily gwen points have equations 
linearly independent? If possible, let the three equations be: 
p= 0, == On y == 0, and call thes. pomtiseay, Ase 4a, een ee 
For all values of 4, wu, the equation: 


grAy+ uy = 0 


represents a cubic through the same 8 points. The possible 
relations among the points may be classified as follows.* 

1. All 8 points lie on a line: g =O. ‘Then any cubic 
containing the points must be degenerate (II, $1). Any conic: 
S == 0 together with the line constitutes a cubic through the 
points. As a conic has 5 independent constants, the cubic: 
g-s = 0 has the same number, hence there are 6 linearly 
independent cubics through the given points. 

2. If 7 points lie on a line, the other not, there must be 
5 linearly independent cubics containing the points. 

3. 6 points ona line, the other 2 off the line, will allow 
4 linearly independent cubics. 


“It is to be understood that if points described on a line happen to 
coincide, the line joining them is assumed to coincide with the given 
line or with the tangent to the conic: exceptional cases can be discussed 
easily by the reader, 
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4. 5 ona line, the other 3 elsewhere, will allow 3 linearly 
independent cubics. The 3 points may be collinear, or not. 

5. If 4 are on one line, the remaining 4 on another line, 
these two with an arbitrary third line form a cubic of the 
required kind, and of these there are 3 linearly independent. 
Tf of the second 4, only 3 are collinear, the cubies linearly 
independent are only 2: so also if no three of the second set 
are collinear. 

6. If no more than 3 lie on any line, let such a line 
contain A;, As, As, with the equation: g—0. The other 5 
completely determine a conic: SO. The hypothesis that 
these 8 points can be contained in three linearly independent 
cubics will lead to a contradiction, and is therefore false. 
For two points may be selected, B, on the line but not on 
the conic, and B, not on either. Using the above notation 
for the three cubics, let y, w, and x have 


in B,, the values 91, U4, %4, 
in By, the values 2, We, Xo. 


Determine 4’ and y’ by the two equations: * 


gi tay, tun = 0, 
G2 +h Wet 42 = 0. 


Then the curve: F = g+/'w+ wy = 0 must surely contain 
the points B, and Bs. But the curve # has in the line: 
g = 0 four points, A,, As, As, 6, and is therefore degenerate, 
consisting of this line and some conic. The conic constituent 
has five points in common with S, and must coincide with it. 
Therefore we have identically, with constant factor 2’, 


F=@gtMVyptwyzy=0' gS. 


The point B, however, though lying on F, lies by hypothesis 
neither upon the line g nor upon the conic S; hence the 

* After the point B, has been chosen, and the 3 cubics gy = 0, ¢ = 0, 
z= 0, the B, can be taken as not lying on any one of the following 
3 cubics: (ig —gi¢ =0, ng—G1x~=0, 1¢—¢,%—0. This insures 
that 2’, w’ are determinate. 
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hypothesis of three linearly independent cubics through the 
eight given points is absurd. 

7. If no 3 of the 8 points lie on any line, then two cases are 
to be distinguished. 

Za. All 8 points may lie on a conic: S=O. Then any 
three independent linear equations: g, — 0, gz — 0, gs = 0 
combined with S give three linearly independent degenerate 
cubies: 

ns == Q, Go SSE Q, 93 —— 0, 


but no proper cubic contains the points, since they number 
more than 6 on a conic. 

7b. When 7 lie on a conic, the others elsewhere, there 
are no proper cubics, and only two linearly independent de- 
generate cubics through the 8 points. If 6 and no more lie 
on a conic: S — 0, let a line: g — O join the other two points. 
Assuming three independent cubics through the 8 points, require 
the curve: 


ptaw+ ux = 0 


to contain also a seventh point 6, on the conic and a point Bs, 
on neither the line nor the conic, nor on three particular 
cubics: (See note under 6 above). As in case 6, this is proved 
impossible, hence only two cubics are independent. 

S. If no 3 lie on any line and no 6 on any conic, take a 
conic: S== 0 through A;, de,..., A;, anda line: g = 0 through 
Ag, Az. Choose two additional points on the conic, B, and Bs, 
with the proviso of the note cited above. Assuming three 
independent cubics through A,, As,..., As, determine the curve: 


PS pa Aa a 0 


to contain also B, and By. As seven of these points are 
on a conic, we have (II, § 1) identically 


FEF’ =y'-g-S_ (v’ a constant factor). 


But this cubic consists of the line g and the conic S, and so 
does not contain the point As, contrary to hypothesis. Hence 
in this case again the three cubics are not linearly independent. 


IL, 3 LINEAR INDEPENDENCE 7 


To sum up, denote by g; and S; the hypotheses of 7 points 
on a line and & points on a conic respectively: the only 
cases 1m which 8 points are contained in three linearly in- 
dependent cubics are indicated as follows: 


98, 92> Yes Js, G2 + 94, Ss. 


The cubics in all these cases are necessarily degenerate. 

Return now to the question concerning cubics through 9 
given points. Consider only those sets of 9 points which 
can lie upon proper cubics; that is, exclude sets which have 
more than 3 points on any one line, or more than 6 on any 
one conic. Then it is certain that none of the six exceptional 
sets of 8 points just now studied will occur. Through 8 of 
the 9 given points suppose (if possible) two cubics to pass, 
whose equations are: y — 0 and w= 0. Every third cubic 
through the same 8 points must have, according to the above 
theorem an equation of the form: y+Aw—0. Hence it 
must contain all intersections of the two curves: y = 0 and 
w=0(. But those are 9 in number (II, § 2). This fact 
suggests a theorem so important that we now inquire strictly: 
How many points on a cubic must be given in order to 
determine its equation? 

The terms of a cubic equation can be arranged in descending 
powers of y: 


Ka, y= pty A@ty Ala) +A@ = 0, 
to = A, So(x) = Coser = Cx = Co, 
fila) = Bow + Bi, fol) = Dox® + Dix? + Dzx + Ds, 


and the locus is not altered if we assume some one of the 
constants as equal to unity, for the others can be altered if 
necessary proportionately. There remain 2+ 3 -+ 4 = 9 arbi- 
trary constants in the equation. To require the cubic to 
contain any one point (7, Yo) imposes a single condition: 


F(a, y¥) =0= Aya Bytoy + Byyp + Coro 
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a condition linear in the quantities (A, Bo, By, Co, .... De, Ds). 
Some one of these being fixed as unity, to determine the other 
nine will require at least 9 linear equations,—9 if all are 
linearly independent. Hence 8 are never sufficient; through 
8 points can pass at least two independent cubics. The 
entire result of this paragraph is therefore the proof of the 
following theorem. 

THEOREM. A cubic curve may be passed through any nine 
points of a plane. If no four of the nine points are in any 
line, no seven are on any conic, and no six on a conic when 
the three others are on a line, the nine will in general deter- 
mine completely a proper cubic. But to any eight points a 
ninth can be found, such that the cubie through the nine 
points is imdeterminate. This ninth point is itself indeter- 
minate when four of the eight te on a line, or seven of the 
eight lie on a conic; im both these cases the cubic must be 
degenerate, and any ninth point not on the line in the one 
case, not on the conic in the other case, will complete its deter- 
mination. Kor convenience these theorems are usually but 
inaccurately condensed into the two formulae: Nine points 
determine a cubic; and Hight points on a cubic determine a 
ninth; and all cubics containing the eight contain also the ninth. 

To finish the demonstration of the first part, pass two 
cubics: g — Oand y — 0, through any 8 of the given 9 points. 
Ay, Ag,..., Ag. In Ay let » and w have values go and U9, 
not both equal to zero. Determine 2’ by the condition: 


9 + Ain (), 


Since every cubic through the first 8 points has an equation 
of the form gy + ~2w — 0, and since only one value of 2 makes 
y + 4w equal to zero in the ninth point, the curve is completely 
determined. It can be degenerate only in the three excluded 
cases. ‘The latter part of the theorem is demonstrated above, 
in the discussion of systems of 8 points, 


§4. Examples of nine points on two cubics. 
If any cubic curve, proper or degenerate, cuts out six points 
on a conic and three on a line, these nine form evidently a 
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set which does not completely determine a cubic; if another 
cubic, proper or degenerate, contain eight of such points it 
must contain the other also. Proof will be given in the next 
paragraph. This principle furnishes a ready proof of certain 
theorems on conics. 


THEOREM: Three conics having two points in common intersect 
two and two in three other pairs of points, and the three lines 
joining those pairs of points pass through a common point. 

PrRooF. Denote by 
A,, As, the funda- 
mental points of the 
three conics S;, Sb, 
S3, (Fig. 8), and their 
other intersections by 
By, By,3 Cy; C3; Dy, 
Ds. Call the inter- 
section of the lines 
6, B, and C; C,,. 0; 
then the line D, Dz 
must pass through 0. 
For the first 8 points 
lie onthree degenerate 
cubies, viz. upon the conic S; and the line B, B,, the conic S, 
and the line C, Cy, the conic S3 and the line D, Dg. 

The point O lies as ninth point upon the first two, therefore 
also upon the third. But S; meets the first cubic in six points, 
A, A, C, Co B; Bs, hence the remaining intersections must fall 
upon the other branch; that is, the line D; Dz. must contain 0. 
Ge: dh. 

THEOREM (Pascal’s). If six points on a conic be joined in 
pairs by two distinct sets of three lines, the remaining inter- 
sections of lines of one set with lines of the other set are 
three points on a right line. 

Proor. This is a particular case of the preceding theorem, 
the conics S; and S; becoming pairs of lines (Fig. 9). Hence 
the proof is the same. 

THrorEM. If three conics S,, Sz, S; have three points in 


9% 


< 
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hod 


common, and intersect further in three points: S, and S3 in Py, 
S, and S, in P2, S, and S, in P;, then through P,, P, and Ps 
will pass the sides of an infinite 
number of triangles whose oppo- 
site vertices lie respectively upon 
S,, So and Ss. 

Proor. Construct a diagram 
(Fig. 10) as described. Through 
P, pass a line 7, in any arbitrary 
direction, meeting Sz, Ss in. As, 
Az respectively. Join Ps, As by 
a line 7; meeting S; in A,;. Denote 
by ds the line P; Ay. There are 
now three degenerate cubics 
which contain eight points in 
common; the three fundamental 
pots, and 2; Ps, Fee As, 2d. 
These are: 

1) the conic S, and the line 4, 

2) the conic Ss and the line /s, 

3) the conic S; and the line /s. 

The first two intersect in a ninth 
point A,, hence A; must lie on 
S3; or l3; but it lies on S, and 
generally not in one of the funda- 
mental points, so that it cannot lie 
upon Ss, therefore it is on /5. The 
triangle A; A, A; is such a triangle 
as the theorem describes, and A; is 
any point whatever, four excepted, 
upon 3, therefore the number of 
such triangles is infinite. q. e. d. 


§ 5. Satellite lines. Two triads of secants meeting 
in nine points on a cubic. 


The following is a most important corollary of the theorem 
on the derivative ninth point. 


THEOREM. Tivo cubics intersect in 9 points: if 6 of these 
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hel 


lie on a conic, the remaining 3 lie on a line; and if 3 lie 
on a line, the remaining 6 are on a conic. 

Proor. In the first case the conic and the line determined 
by two of the remaining points constitute a cubic through 8 
of the points in question; therefore the ninth, which cannot 
lie on the conic (I, § 1), must lie on the line. In the second 
case the same argument is made for the line through the 
3 points and the conic through 5 of the remaining points. 

Let one of the cubics be a proper cubic; while the second 
shall be degenerate, consisting of three lines, and the conic 
also shall consist of two lines. The resulting theorem may 
be stated thus: 

THEOREM. Jf three lines join in pairs the six intersections 
of two secants with any cubic, they meet the cubic in three 
additional points, and these derived points lie on a right line 
(Fig. 11). 


When the two secants are distinct, their points may be 
connected in pairs arbitrarily, so that the closing line may be 
any one of six - but asa limiting 
case the two secants may 
coincide, then the only joining 
lines that remain distinct from 
the double secant are those 
which become tangents to the 
cubic at the points of inter- 
section. Hence a theorem con- 
taining a definition. 

Tueorem. Tangents drawn to a cube at three collinear points 
meet the curve again in three points which are collinear. 
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Derinition. The line containing the three tangential points 
is called the satellite of the line on which lie the three points 
of contact.* 

This theorem is 
illustratedin Figures 
12. and 13, where the 
line B, Bz Bs is the 
satellite of the line 
A, Ag As. Any line 
through D, Figs 13, 
will have its satellite 
indeterminate, but 
for such cases the sa- 
tellite can be defined 
asa limit, so that the 
satellite of any line through D will be another line through D; 
of each tangent on LD, for example, the other tangent. 


§ 6. Lines associated with a conic and a cubic. 


Instead of the two secants of Fig. 11 one may take any 
conic with its six points of intersection upon the cubic. The 
argument is correspondingly modified, and the conclusion is 
this: 

THEOREM. The six intersections of a conic with a proper 
cubic may be joined in pairs in any order by three secants: 
these cut the curve again in three points which lie in a straight 
line. 

It possible, let the intersections of the conic and the cubic 
be three pairs of coincident points, i.e. let the conic touch 
the cubic in three points CII, $ 14). Then this theorem is 
seen to include as limiting cases the following three. 

THEOREMS. Tangents drawn at three points where a cubic 
is touched by a conic meet the cubic in three collinear points. 

* Theorem cited by Duran from MAcLAuRIN: De linearum geometri- 
carum proprietatibus. ‘Term “Satellite” from Cayiey, Phil. Trans., Vol. 147, 
p. 416. See for discussion on satellite of line at infinity PLurcker: System 
der Analytischen Geometrie (1835), p. 132 seqq. 
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The three points of contact between a cubic and a conic are 
vertices of a triangle whose sides meet the cubic again in three 
collinear points. 

If a chord be drawn joining any two points of contact of 
a conic and a triply tangent cubic, the tangent at its third 
intersection with the cubic and the tangent at the third contact 
of the conic and cubic meet the cubic in a common point. 
Hence if two points of contact are taken arbitrarily, the 
number of conics touching the cubic in those two points and 
once elsewhere cannot be greater than the number of tangents 
to the cubie from one of its points, less one. (See III, § 3.) 


§ 7. A line coincident with its satellite meets the 
cubic in three points of inflexion. 

The foregoing and their less simple converse theorems are 
often of use; more interesting however is the case where 
the two lines of Fig. 12 come to coincide in a line joining 
two points of inflexion. If a line touches a cubic in 4 and 
meets it again in B, B is called the tangential point of A (§ 5). 
The satellite ) of a line a contains the tangential points of 
the three intersections of @ with the cubic. If now a line 
be drawn through two points of inflexion, its satellite must 
coincide with it; for the tangential points of the two in- 
flexions coincide with those inflexions. But @ meets the 
curve in a third point, and ) must meet it in the same point, 
which thus coincides with its tangential and is therefore a 
point of inflexion. Therefore: Every line containiny two points 
of inflexion contains also a third. If the first two are real, 
their join line is real, and also its third intersection with the 
curve. Since a cubic has three inflexions on an odd branch 
CU, § 5), there must be at least one real line containing three 
real inflexions of any cubic which has no singular point. 

Pushing the inquiry further, we should see that if there is 
a fourth real inflexion, there must be at least five more, or 
altogether not less than nine, connected by not fewer than 
twelve real lines. Later we shall prove that the exact number 
of real inflexions is three (lV, § 4). 
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§ 8. Special forms of the equation of a cubic. 

From the foregoing theorems can be derived certain forms 
into which the equation of a cubic can be thrown. If two 
arbitrary lines: p == 0 and g = 0, cut the curve, and three 
other lines: ¢ = 0, w= 0, v= 0, join in pairs those inter- 
sections, these three meet the cubic again in the points of 
another line: 7 —= 0 UI, $6). All 9 points lie on two in- 


dependent degenerate cubics, namely on pgr = 0 and on 
tuv = 0. The equation of any third cubic through the nine 
points must be of the form ‘ 
(1) Fe= 0 = e-pqr+a-tuv, 


by (11, $3), therefore for some value of #:4 this is the equation 
of the fundamental cubic. Every proper cubic can have 
its equation brought into the form (1), and of the linear 
expressions p,q,7, two are perfectly arbitrary; when two are 
chosen, the other linear expressions can be determined in six 
ways, tor there are six ways of connecting in pairs three 
points on one line with three points on another. 

If S= 0 denote an arbitrary conic, {= 0, « = 0, v = 0, 
three chords through three pairs of its intersections with the 
cubic: #— 0, then some line: p= 0 will contain the 
remaining intersections of ¢, u,v, with the curve. Two in- 
dependent equations are here 


S:p = 0 and ¢t-w-» = 0, 
therefore as above we shall find for some value of 4:%, 
(2) F #: Sp + 4-tuw = 0 
as the equation of the tundamental curve. Every proper 
cubic can have its equation put into this form, and either 
the quadric S or two ot the three linear expressions: f, x, ¢ 
may be chosen arbitrarily. If S be taken as the square of 


a linear form: S = s*, the equation becomes: 


(3) ix zp +d. tue ie 
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and ¢ = 0, u = 0, v = 0 are lines tangent to the curve upon 
the line: s 0, the satellite being the line: p—0O. The 
equation of every proper cubic can be brought into the form (3); 
either the line: s 0 may be assumed arbitrarily, or any 
two tangents as ¢ == 0 and w—0. It will be proved later 
that the satellite: p — 0, might be chosen at random. 

As a special case of equation (8), let the line s = 0 recede 
to infinity:* in Cartesian coordinates the equation is then: 


(4) F(a, y,1) = «-pt+s-tw = 0. 


If finally the line through three inflexions be taken as pO, 
and ¢, «,v the inflexional tangents, we have the form:7 


(5) F=z-p°+1.tw = 0. 


Every non-singular real cubic equation can be put under the 
form (5), in at least one way, where p = 0 denotes a real 
line through 3 inflexions, and ¢=— 0, «= 0, v =O denote 
tangents in those points of inflexion (1, § 5). 


§ 9. On normal forms and the counting of constants. 

Any specified possible form of an equation or system of 
equations, useful or convenient for the solution of a particular 
problem, may be called a normal form. Thus for the conic, 
a+ 2+ a2 — 0 is a normal form, convenient when the 
relations of self-conjugate triangles are to be examined. 
Oftener however the term: normal form, is used when the 
proposed form is unique or when it can be produced by the 
admissible transformations in only a finite number of ways. 
When orthogonal transformations of rectangular coordinates 
(x,y) are admitted, and no others, then for central conics 


1 1 
-+|- ms = 1 
b 
*See construction depending on this equation: PLuECKrR, System der 


Analytischen Geometrie, p. 166. 
+ PrurcKker, |. c¢., p. 282. 
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a 


is a unique normal form. For two conics whose relative 
position is not special, among ail possible choices of triangle 
of reference, only one reduces the equations simultaneously 
to the forms: 

SUN a O 


3°°3 


a -+ iss -- a? ==) ail a x? ! Gas a 


This is therefore a unique normal form for the system of two 
quadrics when arbitrary linear transformations of homogeneous 
coordinates are admitted. x 

As a proof that the latter is a possible form, one may 
first count the arbitrary constants involved and compare the 
number of conditions to be satisfied. The equations: 7, — 0, 
X= 0, x3 = 0 of the proposed lines of reference contain 
implicitly 9 constants, the quantities a, d2, a; are 3, so that 
we have altogether 12, exactly the number of constants in 
the two ternary quadrics together. But further it would be 
necessary to show that the equations of condition would admit 
at least one solution; that is, that one could not eliminate 
simultaneously all the arbitrary constants without eliminating 
also all the constants of the given quadric equations. It all 
the proposed arbitrary constants could be eliminated from 
the equations of condition, leaving a resultant not identically 
zero, that would show that the proposed form is admissible 
only for a special class of cases, for those namely in which 
the resultant, as a function of the coefficients of the given 
equations, is equal to zero. For example, the equation of 
a conic can take the form: 2,7, 0, only when its dis- 
criminant vanishes. 

If any solution of the equations of condition is possible, 
then by counting the exact number of solutions geometric 
theorems may be found. To repeat: no form can be established 
algebraically as a normal form until it is shown that the 
equations of condition to be solved do not imply any algebraic 
equation among the given constants. Usually this proof amounts 
to the actual production of the resultant from the equations 
of condition, and the verification of the hypothesis that it is 
identically equal to zero. 
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This proof may be often shortened by the use of previously 
known geometrical theorems. For the cubic, the normal form 


Fr = z-p*+i-tw = 0 


is a Case in point. Counting the constants we find in the forms: 


p= B--psts + Vets; 
b= 2, he a ty 5 
UW = 1 + UeXe t+ Us Xe, 
V == 21+ V2 %e+ U3, 


together with z, 2, 10 constants, which is exactly the number 
of coefficients in a general cubic. But the equations of con- 
dition are of the third degree in the quantities pao, ps, te, ..., Us, 
so that systematic elimination would be very laborious. This 
is rendered unnecessary by the geometrical theorem (I, § 5) 
that at least one inflexional line (py — 0) exists, together with 
real tangents t= 0, «1 — 0, v = 0, at its inflexions. That 
this form is unique is however not proven; and algebraic 
analysis will show (LV, § 2) that other inflexional lines exist, 
whose corresponding inflexional tangents however are imaginary. 

Provisionally can be admitted, as containing the required 
number of constants, the two other important normal forms 
of the cubic: 


i Bee pet gah + ¢: par, (HESSE), 
and 


0 = F = 4p°'—(?r —g-pr?—gsr*, | (WEIERSTRASS), 


where gs, g; and ¢ are constants. 
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CHapTer III. 
Poles and polars with respect to a cubic. 
The Hessian, the Cayleyan, and the poloconics. 


§ 1. Certain Notations and Abbreviations. 

Having constantly occasion to write equations, and because 
the number of terms in a cubic and its related equations makes 
it inconvenient to write them in full, we use abbreviations. 
These are not very intricate, and shorten our calculations. 
When coefficients are to be written explicitly we shall use 
subscript indices to designate their place in the equation, thus: 


Tf OLA (@) OY fe, el) Ok Pas mre 
TBs ee S Ogle hg to Bagh, 


‘ PO ok Pes ete eee 
+3 Or oyh hs I 3 Bilbo Eo Ogg VMs 


2) 
= > sat Beye! eh at 
—_ ce ! y! "a py 5 2 . 


More briefly we shall sometimes write 


Dat 

ee Jy 
ay 
wre 


Na ete Sa Eye ce 
(ax) instead 0f (Ga, %,%,)0r 2, , al Bly! DenpyLy Uh 


O- By 


and so of course 


(ay)* instead of f(y, yo, Ys), 
and similarly 


(a, x + dy)* instead of f(a, + Ay, xe + Ayo, x3 + Ays). 
These are merely abbreviations, but the reasons of their con- 


venience will soon appear. For the equation of a line we 
can use indifferently: 
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7 
“%—QO0, @xe) = 0, ma,+ wert ur, = 0, UX == ()) 


the third being the full explicit form. The equation of a conic 
can be indicated by: 


O = — F(a) — FE (@,, 02, 0) — (Ax)? = (Ay, + Acre + Ags)” 


2! 
ee, 1 2A, ae, | ett, == QS AT PNAS ss 
e- Bt y= 2 be ae (ais 
Of these the forms /’(x) and (Ax)*, as shorter, are naturally 
more often used than the others. 

When partial differential coefficients occur, as in equations 
of tangents, the notation becomes slightly more complicated. 
Symbols like fi, fi, /s, Fi, Fis, fies are common in text- 
books on differential calculus. The last one of these we shall 
not use in its customary sense, but replace it by fi11, in accor- 
dance with the notation already explained for cubics. To define 


these exactly: f(a) = - i= ee » Ss (x) = fe), 

0 F(x) . CLTNG) ay Oe ao ns 

PL) = eae 12(%) = Oat, Bi’ Jiu) = Bar, Ba» O's’ 
Fira(x) = ey ay ete. 


aT 3 oY) 
02, 0X, 0X5 
It is obvious that we can distinguish /f,o(~) from fro(y), thus 


Si2(x) = nee Fisly) = me 4 [fi2(x)] (x) — (y)* 


More often however it will be convenient to write differential 
coefficients as follows. If f(x) denotes the same thing as (az)*, 
then /,(~) will denote the same as 3a,(ax)°. By adopting this 
convention we can apply the ordinary rules of differentiation 
to our abbreviated symbols; if (aa)* = (a,x, + dex + aga’g)® 
denoted the cube of an explicit linear function a7 + 2% + d323, 


0 , ree 
we should of course have i (ax)® = 3.a,(ax)*. Indeed that 
al 
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is the reason for using 3,(ax7)? as a sign for om (ony 
zal 


To save the labor of restoring the entire form (a)* and differ- 
entiating, it is only necessary to notice that the explicit notation 
results from the abbreviation simply by writing instead of 
ay “agar the coefficient @ In short, then, we shall use these 
signs Gis changeably : 


7 


Coes Sina 
G0, == Dee 


1 ge +R +ry 


Shite 


So the abbreviations: a,@2(ax7) or d,2(ax) will denote 


1 307¢ax)* 
aaa Serre and also +3 el 75, La ae) a 


: ee ; , te? ; 
we shall write also similarly: a@,a,(a) or a? (ax) for 3.9 ba2 (ax)* 
. 4 


< ls 


In these short notations, the equation of the polar of a 
point (y), i.e. Yj, Ye, Ys) With respect to a conic 


(Aq)* 


can be written in the second or third of the following forms, 
instead of the first: 


ane). , SFO). eR 


1 
YN On, 023 


WF (a) 3 YoHs (x) + ys Fs (x) = 0, 
2A; (Aa) + 2y2Ae(Ax) + 2y3A3(Ax) = 0. 


This third form can be further condensed into: 


2 (Avy + Asys -F Asis) (Ax) = 
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or simplest of all, — 
2 (Ay) (Az) = 2(Ax) (Ay) = 0. 


Occasionally slight variations from these- precise notations 
will be convenient. 


§ 2. Definition of Polars. Projection transforms 
Polars into Polars. 


In the theory of conics a polar is usually defined by some 
geometric property, and from this its equation is deduced. 
For the cubic and for curves of higher order it is simpler 
to define polars algebraically by the form of their equations, 
and afterward to examine their geometric properties. This 
order can be regarded as the first step in a general plan in 
projective geometry: to investigate all curves whose relation 
to the fundamental curve is not altered by projection. The 
algebraic equivalent of any projection is some linear trans- 
formation of the variables which represent coordinates. After 
defining polars we shall therefore prove that any polar of a 
given cubic is transformed by linear substitution of the vari- 
ables into the corresponding polar of the transformed cubic. 


Derinirion. The first polar ofa point (vy) with respect to a cubic: 
I (x)= (ax)’=0,is the curve whose equationresults from one appli- 


! 0 0 0 
cation of the so-called polar operator ln et Ya alg 
On, 0X OX 


or briefly lv -] to the equation of the cubic: (az)? = 0. In 
eae 


abbreviated notation its equation is: 


afe) , ¢@,, @ 
V5, 1 a, You 


= B yy (ax)? + B yet, (ax)? + 3 ysas(acv)” 
3 (ay) (ax)? = 0. 
DEFINITION. The second polar of the point (y) with respect 


to the cubic: f(a”) = (ax)® = 0 is the curve whose equation 
results from two consecutive applications of the polar operator: 
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D] 
94 


ly], viz. bee to the equation of the cubic; the same 
AOD x 

equation will result from one application of the polar operator 
ly] to the equation of the first polar of (y) with respect 


to the eubic. In abbreviated notation the equation becomes :— 


v2) re) = ly 2) lu 5..}re | = ly 


= 30) (uz |(ar| = 6(ay)(ay) (aa). 


- [3 (ay) (ax)?] 


= 6 (ay) (ax) == 


For any real conic it was intuitively evident that the 
geeometric relation of pole, curve and polar was not to be 
altered by projection; for tangents to the curve from the pole 
touch it where the polar intersects it, and projection trans- 
forms tangents to the old curve into tangents to the new 
curve, so that the transformed diagram is essentially like the 
former. A similar geometric form of argument is possible, 
not very complicated for the cubic, but more so in increasing 
degree for curves of higher orders. In the algebraic form 
of proof, on the other hand, we attend only to the polar 


a) 
operator ly), regardless of the order of the curve, so that 


one demonstration suffices for first polars and second polars 
of a cubic, and for polars of all orders with respect to curves 
of whatever degree. The theorem is as follows. 


a) ee 
THEOREM. The polar operator ty is invariable under 
4 by 


transformation by linear substitution. That is to say, if the 

variables yy, Y2, Ys and xy, Xo, @s are eo ey the same 
/ 

linear substitution in terms of The ta te and , ee respec- 


tively, then the polar operator lon 5 : ee are sie Y3 fe) is 
identically equal to the polar operator in tr te ae variables: 


0 a) 0 
/ / / 
A Oa, + Ys Ou, + Ys al 
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Proor. Let the linear substitutions be the following, the «@;, 
4; and y; denoting perfectly arbitrary constants or parameters. 


Hy == a1 + Bixe+ ins 
5 , 
(1) Ly == cay + Boxs + yoars p , 
‘nn ‘ies / 
X3 Gegx', | 8303 | 


| 


ima 1Y3 
coy + Boys + yoys 
ay + Bays + yaya 


yr == ait Arye - 
Y2 Tene 
ys = 


| 


Call the determinant of the substitution A, its first minors 


Pas. 


| (ty 
A => | @ 
| ee 
7 ee eee 
0 a; OB; 


By 1 

Bs Ye 

Bs ¥s 

: OA iF , 

Is ee (ial Ne 


Solving the substitution equations (1) for wi, 3, ys, We have 


A-yi = Airy: + Aye Asya 
(3) A: YP —= By + Boy + Bsys 
A: Is = Cy + Coys + Csys 


Partial differentiation 


is to be applied to functions of 7, 2, 


a3, alone; hence we have the formal identities: 


0 0x, 0 


| 


0X2 0 


OX: 0 


oA 
Now from the substitution 


: fr a, 
Oa, 0a, Oa, Axe 
equations we find 


| Das * 
0x} ONs 


Ox OX» OX: 
re = Cy, a Ca Ren &,, etc., etc. 
Therefore: 
i) 0 if 0 nie 0 
pa ge ee oe ene 
aa “3a, | "Day | Oa 
0 0 0 0 
(4) Bar) By vod Ba Bsa 
O vd 4 — OO Ve 0 ~ 
aa “1 aay 7 en } 85 
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Multiply these three expressions by those given above for 
iis Yo, ys Yespectively, and add. 
a) 


2 a Seve 
A Naay Poe Woah = (0,4, + 6B1+ nCyy O04 


0 ; g 
++ (@2A9 + BoBo + 720) Yr, + (a@3A3 + Bz Bs + 73C3) Je 
6) X38 


= Sipe eae 
= Alyy Yon, 7 Y% 


rs 
since @,A, + aA, -+ «3d3 = A, etc. Removing the common 
factor 4, we have the identity asserted in the theorent: 


br MOO Okey ee eee 
2 ere LP CLS OTR cta Oa, |” Bae | 7° Ox: 


2 
a 


Denote the result of substituting in (az)* the values of 
X14, Xa, 3, from (1) by (a’x)®; in other words, let (az) and 
(a’'x’) be identically equal by virtue of the substitution equa- 
tions (1). The identity between the two polar operators then 
gives identity between two first polars and two second polars 
by virtue of equations (1), viz. 


0 fe MR, 0 ¢ ean ANG 2 
lv'sor) (a’a’)® = ly (ax)® or (a'y')(a'a’)? = (ay) (ax), 


2 9 ane ! peer 2; 
ly g ae) = ve (ax) or (a'y')? (aa) = (ay)? (ax). 


For curves of higher order the theorem is true for third polars, 
fourth polars, in fact for polars of every order. 


§ 3. Geometric: Properties of Polars. Class of 
curves, of order three: 

By definition of polars, every point (y) in the plane of a 
cubic curve has associated with it a first or conie polar and 
a second or linear polar. It will be found directly that every 
line of the plane has one or more points as poles, a line 
being determined by the same number of constants as a point. 
But this will not be true of all conies in the plane; there is 
a five-fold infinity of conics, and only a two-fold infinity of 
points, hence only a two-fold infinity out of the existing five- 
fold infinity of conics can occur as polars of points with respect 
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to a given cubic. The question arises therefore, if a real 
cubic were drawn, and a real conic intersecting it in six real 
points, how can one decide whether the conic does or does 
not belong to the system of conic polars with respect to the 
cubic? This is answered by the following theorem. 


THEOREM. The polar conic of a point meets the cubic in the 
points of contact of tangents drawn from the pole to the cubic; 
and conversely, tangents to the cubic at its intersections with 
any polar conic pass through a common point, the pole of 
that conic. This gives a complete criterion. 

Proor. Let (y) be the pole, (~) a variable point on the 
cubic, so that (ax)? = 0. Ona 
line joining the points (7) and (vy) 
the coordinates of an indeter- 
minate point are: 4—=a+tsy Fig.14 
(¢ = 1,2,3). Let the point (z) 
lie also on the curve, and develope in powers of 4 the equation: 
(az)® = (a,xa+Ay)> = 0. 

(a, Ay) — (ax)* +8 2 (ax)* (ay) +8 23 (ax) (ay) 
+ 43 (ay)® = (az)? = 0. 


Since (ax)? = 0, one term disappears, and one root of this 
equation is already 24,0. To make the line zy tangent 
in (x) to the curve, a second root 4, must become zero. This 
occurs only if the coefficient of 2 vanishes; we must have 


(ax)* (ay) — 0. 


There are thus two equations satisfied by a point of contact 
(x) of any tangent from (y). The first, (az)? — 0, requires (x) 
to lie on the cubic. The second, (ay) (ax)? — 0, requires (x) 
to lie on the conic polar of (y), the assertion of the theorem. 
Conversely these two conditions are sufficient to make two 
roots, 2, and 2,, equal to zero, hence the six intersections 
of cubic and conic polar are all points of contact of tangents 
drawn from the pole, i. e. these six tangents all contain the 
pole as a common point. 

The number of tangents that can be drawn from an arbitrary 
point to any algebraic curve is called the class of that curve. 


(x+Ay) 


3* 
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Accordingly the curve of the third order is generally of the 
sirth class: exceptions must be made if conic polars are found 
to meet the cubic in any points not proper contacts, as in a 
double point or cusp. How many tangents then can be drawn 
to a general cubic from a point on the curve? As above, 
we have for the three intersections of a line zy with the 
curve the equation of third degree in 2: 


0 = 82 (ax)? (ay) + 3 2? (ax) (ay)? + 49 (ay)’, 


since (a) is taken as a point on the curve. Remove the.tac- 
tor 2, because the root 4 — O gives the point (~) itself. 


0 = 3(ax)? (ay) + 8 A(ax) (ay)? + 4? (ay)’. 


For tangency, the remaining two roots must be equal; the 
discriminant of the quadric in 4 must vanish. 


D = 9[(ax) (ay)*] - [Cax) (ay)?] —- 12 [(axr)? (ay)] - [Cay)?] = 0. 


This is of degree 4 in (y). This point (y) is otherwise un- 
restricted, and may be assumed to lie on any particular straight 
line. That line meets the curve: D = 0, in four points and 
each of these points lies on a tangent from the point (7), 
theretore there are four tangents from (x) to other points of 
the cubic. This equation D — 0 can be used in determining 
the cross-ratios of the four tangents (V, § 4). 

Returning to the equation of third degree in 4, observe that 
it (ax)* = 0 and (ax)? (ay) — 0, the line xy touches the cubic 
in (7). But it may be not a determinate line for some special 
point (x). It (ax)? — 0, and the equation (ax)? (ay) — 0 is 
satisfied for all points (y) of the plane, then every line 
through (~) would meet the curve there in two coincident 
points; that is, (7) must be a double point or cusp. This is 
apparent intuitively if (a) is a real point on a real branch, 
but to cover imaginary points and isolated double points it 
is necessary to fix algebraically a definition of multiple points 
of a curve. 

Drrinition. If all conic polars with respect to a cubic 
have a common point, that is, if for some point (x) the 


ih, 3 SINGULAR POINTS LOWER THE CLASS ail 


e 


equation (aa)*(ay) —— 0, is satisfied for all points (y) in the 
plane, the point (a) is called a multiple point. This implies 
ihe=whree conditions: (a2)* ay == (ax)* as = (ax)* a, = 0; and 
since (x) is itself a point (y) of the plane, it involves: 
(ax) (ax) —= (ax)* — 0, i.e. the point (7) is necessarily a point 
of the cubic. 

If the cubic f has a double point or cusp, the conic polar » 
of a point (y) has at least two intersections at the multiple 
point, so that the class of the curve is re- 


duced by at least two units; for each branch Fale 7 
of the curve in the multiple point intersects x) 
the conic on one point. If the conic were 

tangent to either branch, there would be Fig.15 


three or ‘more intersections in the double 
point. That this is not the case, we can verify upon one 
example, proving this theorem: 

THEOREM. The conic polar of an arbitrary point with re- 
spect to a cubic having an ordinary double point is not tangent 
to either branch of the cubic in that point. The number of 
coincident points of intersection is exactly two, and the cubic 
having an ordinary double point is therefore of class 4. 

Proor. Represent the cubic by the equation: 


JF) = (any? == 00,0, Ok? + bate, + cr, 32 dak = 0. 
The tangents in the double point: a, «2 — 0, are the lines: 
i, = Gs, sth OP 
The polar of the arbitrary point (1, 1, 0) has the equation: 


(ay) (ax)? = 1 (a,x, +3 aa} + 2 bx,2, + ae) 


1 
Pia ae Ute a 2cre, Ode) == iO. 
At the double point: Xe 0, the tangent to this conic 
polar is the line: a + %2 O, a line different from either 


tangent to the cubic. q.e. d. 
To investigate the class of a cubic with a cusp, take an 
equation of most general form for such a curve: 


9 | 


(8): = a, ane, = baa, + ox, 05 + da, = 0. 
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The conic polar of ne with respect to this is siven by: 
p(x) = y,(20,2, + Saat + 2 bx, x, + cx) 
+ Yo( bat + 2 cx, x, “= 3 Ng) epg, =U; 
This conic has in (0, 0, 1) the tangent: 
2 a 0 or ay ==" 0, 


which is the cuspidal tangent of the cubic in that point. This 
tangent meets the cubic in the points where dx} = 0, that is, 
all three intersections coincide in the cusp. The same must be 
true of a conic or other curve having the same tangent in 
the cuspidal point. To prove this rigorously, eliminate «3 from 


oe 


Three tangents in ordinary Two tangents absorbed by 
points. a double point. 
Fig. 16 


Three tangents absorbed 
by a cusp. 


the equations of cubic and conic, finding 3 roots a2 :.r 
different from 0. More easily, assume that 21/7140 for some 
common point; multiply by 21/y, the equation of the conic, 
subtract from that of the cubic, and find for the ratio x/.7. 
a cubic equation; whence there are only 3 intersections not 
in the cusp 21 — #,—0O. Therefore there are 3 tangents to 
the cubic from a point (y), or the cubic with a cusp is of class 3. 
The effect of a double point or a cusp on the class of any 
algebraic curve of higher order is the same as on a cubic. 
The occurrence of a double point diminishes by 2, that of 
a cusp by 3, the class of any algebraic curve. The appended 
diagrams may serve to explain to the eye this fact, showing 
schematically the development of such singular points. 
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§ 4. Degenerate conic polars and the Hessian. 


In a doubly infinite linear system of conics there oceurs a simply 
infinite system of degenerate conics, each consisting of a pair 
of lines. For the equation of such a system contains linearly 
two parameters, 4, w; O(a) = 91(x)+4-G2(x) + w- p3(x) = 0. 
Then the discriminant of this quadric (x) equated to zero 
gives the necessary and sufficient condition for the conic to 
be degenerate. That condition is satisfied by an infinite 
number of pairs of values of 2 and w. Now conic polars of 
a given cubic constitute such a system, the parameters being 
the coordinates of the pole. What is the locus of poles of 
degenerate conic polars? To find the equation of that locus, 
equate to zero the discriminant of the quadric: (ay) (ax)? = 0. 
It will be an equation of order 3 in coordinates (v) of the pole: 


az (ay) bb, (by) Cy, (Cy) 
(1) aya, (ay) 3 (by) Gc, (cy) | = Hy) = 0. 
| 4d, (ay) — b,b, (by) 3 (cy) 


Here, to avoid any ambiguity in the developed determinant, 
we use three letters, a, b, c indifferently as equivalent, 


(2) FO) an) Cay = en)" 


This determinant (1) is known as the Hessian of f(7); and 
the corresponding curve is called the Hessian curve, or simply 
the Hessian, of the cubic: f(z) — 0. 

DEFINITION. The Hessian curve of a cubic is the locus of 
poles whose conic polars with respect to the cubic are degenerate. 

Degenerate polars have double points; what is their locus? 
With respect to a degenerate conic the polar of every point (z) 
of the plane passes through the double point. Let (y) denote 
the pole of a degenerate conic polar: 


(3) (ay) (ax)? = 0. 
The polar of (z) with respect to this conic is given by the 
equation: 


(4) (ay) (az) (ac) == 0. 
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If (x) is taken at the double point, this equation is satisfied 
for every point (2) of the plane. his gives three conditions: 


(5) (ay)a(ar) = 0, (ay)as(ax) — 0, (ay)as(ax) — 0. 


Since these three equations are linear in the coordinates (y), 
we can eliminate these coordinates and obtain as a deter- 
minant the function which vanishes in all double points (a) 
of degenerate conic polars. 


| a? (ax) ys (xr) (Us (a) | 
(6) | bb, (bx) b3 (bar) byby (bx) 
| C0, (cx) (aly (CX) C5 (ca) | 


The identity of this with equation (1) is evident. 

THEOREM. The Hessian of a cubic is at the same time the 
locus of poles of degenerate conic polars, and also the locus 
of double points of those polars. The Hessian is itself a curve 
of third order, whose equation is given above in (1) and (6). 

With respect to curves of higher order than the third, 
these two loci are distinct, the double points of degenerate 
conic polars filling a curve called the Steinerian, while their 
poles lie on another called the Hessian.* 


§ 5. Only points of the cubic are on their own polars. 


The equations of the conic and linear polars of a point (7) 
are respectively: (ay) (ax)® O and (ay)?(ax) 0. If the 
point (y) lies on either polar, it satisfies the equation obtained 
by substituting (y) for (~): (ay)(ay)? —- 0 or (ay)® — 0; that 
is, it lies on the cubic. Conversely also every point of the 
cubic is on its own polars. The polars of a point (y) of 
the cubic touch the cubic in their pole. For the linear 
polar: (ay)? (ax) 0, is by its form the tangent line in (y) 
(111, § 8). And the tangent in (y) to the conic: (ay) (ax)? — 0, 
is the polar of (y) with respect to that conic; hence its 
equation is (ay)[(ay) (ax)] — (ay)?(av) — 0. Thus the linear 


* See Satmon, Higher Plane Curves, p. 57. 
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polar of (y) is tangent in (y) both to the cubic and to the 
conic polar; all three are in contact at that point. From 
this we might deduce the theorem (IH, § 3) that only four 
tangents to a cubic can be drawn from one of its points; 
for if (y) is on the curve, its conic polar, on which lie all 
points of contact of tangents from (y), touches the cubic 
in (y) and so can meet it at most in only four other points. 


§ 6. Points of Inflexion lie on the Hessian. 


At a point of inflexion the tangent contains three coincident 
points of intersection with the curve. If (x) be such a point, 
(y) any point on the tangent: (ax)?(ay) —= 0, then any other 
point of the tangent is (#--dy), i. e. its coordinates are 
aj-+ dy, (2 == 1, 2,3). Hence the third intersection of this 
tangent with the curve is found by making 4 satisfy the 
equation: 


(1) I@ -- hij) == 0). = (ax)? ny (ax)?(ay) 
+ Baan) (ay)? + (ay); 


| 


or after dropping two zero terms and the factor 2’, 
3(ax)(ay)? + A(ay)? = 0. 


The point (x) is a point of inflexion if the third root of equa- 
tion (1) is also equal to zero, for every arbitrary point (vy) of 
the tangent. That is, if (~) is an inflexional point, and (y) 
any point of the locus: 


(ax)*(ay) = 0, 


the equation: (ax)(ay)? — 0 must be satisfied. In other words, 
a conic is to contain all the points of a right line. This can 
happen only when the conic is degenerate, consisting of the 
tangent and some other line. But the degenerate conic: 
(ar)(ay)? — 0 is the conic polar of (x), therefore its pole (7) 
is upon the Hessian (III, § 4). 

Conversely, every point on both curves, the cubic and its 
Hessian, is a point of inflexion of the cubic unless it be a 
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rae 


double point or a cusp. Given: (ax)? — 0 and H(x) = 0, to 
prove (x) a point of inflexion or a double point. Let (y) lie 
on the tangent: (ax)?(ay) = 0. Since now (7) is on the 
Hessian, its conic polar is degenerate; but since that conic 
polar touches the cubic (II, §$ 5), two cases are possible: 

(ec) the contact may be improper, (x) being a double point 
of the cubic and an ordinary point on either line of the conic, 
or (x) being an ordinary (non-singular) point of the cubic, 
but a double point on the conic; 

(8) the contact may be proper, one line of the conic being 
the tangent: (ax)? (ay) = 0. 

Case (a). If (x) is double on the cubic, the theorem needs 
no demonstration. If it is double on the conic, and lies on 
the cubic, we have the pole of a degenerate conic coinciding 
with the double point of its own polar. Is this possible? 
Calling (y) the pole, (x) the double point (III, § 4) we 
had the conditions of degeneracy. (ay)(ax) a1 = (ay) (axr)a2 
= (ay)(ax)az = 0. Here we are to have further (y) coinciding 
with (x), giving the conditions: 


ai(ax)” = as(ax)? == as(ax)* = 0. 


These are however the condition (III, § 3) defining a multiple 
point of the cubic. Hence if (7) is a node on its own conie 
polar, it is a double point on the cubic. 

Case (8). If the tangent in (7): (ax)? (ay) == 0 forms part 
of the conic polar; (ax) (ay)? — 0, take (y) on the tangent. 
Then if (a + Ay) denote the third intersection of tangent 
and cubic: 


(a, a + dy)? = (ax)? + 3A(ax)*(ay) + 3 (ax) (ay)? + a2(ay)? = 0. 


Three roots 4 are zero, since the point (y) must lie by inclusion 
also on the conic polar: (ax) (ay)? = 0. Hence the tangent 
has three consecutive points in common with the cubic, and 
is so an inflexional tangent. q.e. d. 

From this theorem it follows that the number of points 
of inflexion cannot be more than 9, since cubic and Hessian 
cannot meet in more than 9 distinet points. It remains to be 
seen whether any of these intersections coincide by reason 
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of proper contact, or through the occurrence of multiple points 
of the Hessian; and in case the cubic has a double point or 
a cusp, how many intersections of the Hessian are absorbed 
at that point. 


§ 7. Corresponding or Conjugate Points on the 
Hessian. 

To every point (~) on the Hessian corresponds another point 
(x) of the same curve, namely the double point or node of 
its degenerate conic polar (III, § 4). The equations con- 
necting pole and node were these: 


ay (ax) (ax’) = dz (ax) (aa) = as (ax) (ax) = 0; or in extenso: 


Bie NX, 00, (G0 G0, (aa ) == .0, 
(1) qt, Oe) 10, Gs =x aca, (aa) == 0, 
TOG, Ge) oda Man) 4 ya (aa ue 0: 


From the symmetry of the equations in the two sets of 
coordinates (a) and (x), each point is necessarily in reci- 
procal relation with the other; hence each point is the pole 
of a degenerate conic whose node is the other point. Accord- 
ing to the foregoing paragraph, (case @), the following 
theorem is demonstrated: : 

THEOREM. Two corresponding points of the Hessian can 
coincide only at a double point or at a cusp of the cubic. 

Can a point (x) of the Hessian have an indeterminate con- 
jugate point? As (x7) is on the Hessian, the three equations 
of the system (1) above are consistent, and from any two 
of them the ratios 71:73:73 are determined as ratios of 2-rowed 
determinants. These ratios are indeterminate when and only 
when all two-rowed minors of the matrix of equations (1) 
vanish. Of these nine conditions, three are algebraically in- 
dependent. That they are not identically consistent can be 
shown by any one example. Take the cubic 


a= (any = aaa, lea, 0, 
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The Hessian matrix is then: 


Hy 223 225 
TEA) ae Xe 5G, 
| 2X9 Dae Xs | 


Three independent minor equations are these: 


223 De | Weg, A 


No common solution can be found; for the first and third give: 


while the second is: 


Two solutions only are found, viz. 7, — 22 — 0, and x, — x3 —0. 
Neither satisfies all three of the above conditions. Since 
then the conditions are not always consistent, they can be 
consistent only when particular conditions are fulfilled. From 
3 equations the coordinates (7) could be eliminated, leaving 
one condition only among the coefficients of the cubic. We 
conclude as follows. 

THEorREMS. The node of a degenerate conic polar cannot 
become imdeternunate, that is, no two lines constituting a de- 
generate conic polar can comeide, wiless the coefficients of the 
cubic satisfy a particular algebrace relation. What this con- 
dition is will be determined most easily when the equation 
of the cubic has been reduced to a normal form. We notice 
here two things; first, that such a condition will be invariant, 
since projective transformation will transform the singular 
polar conic into a conic polar having the same singularity; 
second, that in case a doubly counting line does occur among 
the conic polars, all points of that line will lie in the Hessian, 
since all its points alike are double points of the conic. 
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§ 8. The Envelope of degenerate conic polars, or 
the Cayleyan. 


If a point (y) moves along the Hessian, its conic polar 
will envelope a curve called the Cayleyan. Evidently the 
tangents of this Cayleyan will have a correspondence in pairs, 
resembling that of points on the Hessian; two tangents namely 
which constitute together a conic polar, and which therefore 
meet on the Hessian, are to be called corresponding or con- 
jugate tangents. A reciprocal relation of the two curves will 
‘appear soon. ‘To find the explicit equation of the Cayleyan 
in line coordinates, denote by (04, to, ws) and (v4, ve, vs) the 
coordinates of the two lines which constitute the degenerate 
conic polar of (y). The identical equation must subsist: 
(ay) (ax)? = (wx) (vx), involving the 6 equations, all linear in 
coordinates (y) and (7): 


az(ay) = uyv,, Clay) = Uv,, a2(ay) = Ur, 


(2) 2a2as(ay) = usve2+u2v3, 2agai(ay) = uvs+ user, 


2ara2,(ay) = wri-+ mre. 


From these, eliminate the 6 quantities 1, #2, Ys, U1, V2, U3. 
To avoid any ambiguity, use different letters «a,b,c in the 
3 columns containing coefficients of the cubic. The resulting 
equation for (w) is this:* 


11 bot (311 ir 40 | 
(422 boos (322 0 w O| 
: 
(3) | Ass hogs (333 OF Oats a 
| 2d123 Zhe 2 C393 0 ws Us : 
2d113 2b 2cs13 uw Ov | 
| 2 (y12 2 bois 2 (319 Ug U1 0 


For the line (v) the same equation holds, on account of the 
symmetry of the 6 conditions in the (uw) and (v7). This is 
then the equation of the Cayleyan. 

THroreM. The Cayleyan is a curve of class 3, and its equation, 
like that of the Hessian, is of degree 3 in the coefficients of 


*Here the notation is varied slightly in the interest of brevity: a,o. 
for a, a2, ete. 
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the cubic. This theorem may be stated also as_ follows, 
a useful corollary being added. Through any arbitrary point 
of the plane there pass 3 tangents to the Cayleyan curve, that 
is, 3 lines forming parts of degenerate conic polars. Throwgh 
each point of the Hessian pass therefore two lines constituting 
one conic polar, and only one line forming part of a different 
degenerate conic polar. 

As related to the cubic, the Hessian and the Cayleyan 
were defined by means of the system of conic polars. Every 
projective transformation of the cubic changes these conic 
polars into those of the transformed cubic, and the degenerate 
conics of the one system into those of the transformed system; 
therefore the Hessian and Cayleyan must pass by the same 
projection into the Hessian and Cayleyan of the transformed 
cubic. Briefly expressed: the Cayleyan and Hessian are 
invariants of collineation or projection. 


§ 9. The four poles of a line. 


THEOREM. If a point (a) les on the conic polar of (y), then 
(y) lies on the linear polar of (a), and conversely. 

Proor. The equation: (ay) (ax)? 0 which embodies the 
hypothesis, asserts also the conclusion: (ax)?(ay) = 0, where 
(az)* = 0 is the equation of the cubic. 

THEOREM. The conic polars of all points on a straight line 
form a pencil or sheaf of conics, having four points in common. 
By virtue of the foregoing theorem this is equivalent to 
the following: every given line is the linear polar of four 
points with respect to a cubic curve. Briefly: every line has 
four poles. 

Proor. If (x) and (y) are two points of a line, every other 
point of that line has coordinates of the form: == aj+ Ay; 
(¢ — 1,2,3). The conic polar of (#) is given by the equation: 


(at) (az)® = (ax) (az)? + 4 (ay) (az)? = 0, 


and this is the equation of any conic containing the four 
pomts common to the loci: 


(ax) (az)® = 0, Gay) az 0: 
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that is to say, the four points common to the conic polars 
of (w) and (y). Varying 4 in the above equation, we have 
corresponding to all points of the line zy, all conics of 
a pencil or sheaf. Further, each of the four common points, 
as it les on the conic polar of every point of the line zy, 
must have a linear polar containing all points of that line. 
In other words, all four points have the line xy for linear 
polar, and the line has the four poles. q. e. d. 

If one of its poles lies on the line itself, the line is tangent 
to the cubic (II,$ 5). If two poles lie on the line, since 
no line can touch the cubic in two points, it must be doubly 
tangent in one point; that is, only inflexional tangents of 
a non-singular cubic contain two of their own poles. 


§ 10. The Poloconic of a line. 

THEOREM. If a point describes a line, its linear polar en- 
velopes a conic, which is called the poloconic of the line, (by 
Salmon, the “Polar conic of the line’). This conic is also the 
locus of poles of conic polars that touch the line. To obtain 
the equation, use for convenience an undetermined parameter 
as in the ordinary method for envelopes. The point (y) is to 
describe the line: (wy) = 0, and we seek the envelope of its 
linear polar: (ay)?(ax) == 0. Call the parameter e; the con- 
ditions are:* 


ax(ay)(ax) = (ax) {any + aey2+ asys} = ew, 

by (by) (bx) —= (bx) {ary + beoya + bos ys} = Que, 

¢3 (cy) (cx) == (cx) {cary + C52 Y2 + C38 Ys} = Otte, 
(uy) = my + uey2 + Uys — 0. 


Elimination of 71, ye, ys, @ gives for the point of contact (a) 
the equation: 
ai(ax) a2 (ax) dig(ax) Un | 
| boy (bx) boo (bx) bog (ba) (i) 
| cs1(cr) — aa(cx) —aa(ox) us 


=="()t 
| 
i Us U3 0 | 


*The notation here will be understood by comparison with equation (3). 
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The same equation would have resulted if we had required 
the line (a) to touch the conic: (ax)(ay)> == 0, for it is the 
discriminant of the conic bordered with the coordinates of 
the line. The equation constitutes therefore the proof of the 
above theorem. 

Poloconics form a doubly infinite system, since the lines to 
which they correspond are a doubly infinite system. Unlike 
the conic polars of points, the poloconics do not form a linear 
system; for the coordinates (a) of the variable line enter the 
equation in the second degree. The poloconics have remark- 
able properties, particularly in relation to the Hessian. 


§ 11. Intersections of a line and its Poloconic. 


Let a line w intersect its poloconic C in two points A, 2. 
Call the linear polar and conic polar of A respectively a 
and ka. We shall find that a is tangent to Cin B. If a 
does not meet w in B, let P denote its intersection. Now « 
is the polar line of A also with respect to ka, and ka must 
touch the line « because its pole A is on the poloconic C. 
Therefore the point of contact of « with a must be P, where 
the polar of A cuts the tangent 7 from A to ha. Since there- 
fore P is on the conic polar of A, A is on the linear polar 
of P, and for the converse 
reason A is on the conic 
polar of P. But the point 
where the linear polar of 
P meets its conic polar is 
a point of contact of a 
tangent from P?, hence PA 
or wis tangent to the conic 
polar of P. Therefore by 
(11, $ 10), the point P is 
on the poloconie of a, or C. 
Pmust be then either A or B. If it were A, it must lie on its own 
polars and so on the cubic. In general therefore P coincides 
with 2; and «@ the tangent through Pis tangent in B. Thus 
is proven the following theorem. . 


Represents false hypothesis. 
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THEOREM. If A and B denote the intersections of a line with 
its poloconic, the conic polar of A touches the line in B, and 
reciprocally: also the linear polar of A touches the poloconic 
in B and reciprocally. 


§ 12. Poloconics that touch their corresponding 
lines. 


' 


The poloconic ( of a line w meets its line in two points, 
A and Bb. If A les on the cubic, B must coincide with it 
and w must be tangent to the culic. For the line w is tangent 
to the conic polar of A, (III, § 10), but the conic polar of 
A is tangent to the cubic because A is a point of the cubic 
(III, § 5), and contains A. Thus the line w passing through 
A and touching a conic which at the point A is tangent to 
the cubic, must itself touch the cubic at A, and is therefore 
identical with the linear polar of A. But this linear polar 
is tangent to (, hence it is the tangent in A, and therefore 
J and A coincide; as stated above. 

Conversely if B coincides with A, so that the line w is 
tangent to its poloconic, it must touch the cubic also in A. 
For A will then lie on its own polars, as they both pass 
through B (III, § 11), and so must lie upon the cubic (II, § 5); 
whence by the above direct proof, w is tangent to the eubic. 
The following theorem is therefore proven. 


Theorem. All tangents of the culic are tangent to thew 
respective poloconics, and conversely every line which touches 
its poloconic touches also the cubic in the same point. It follows 
that the cubic is a part of the envelope of poloconics which 
are tangent to their own lines. The theorem gives a means 
of expressing readily the equation of the cubie in line co- 
ordinates. 


§ 13. The tangential equation of the cubic. 

As an auxiliary, the equation of a conic in line coordinates 
may first be reduced to a condensed form by the abbreviated 
notation already introduced (IJ, § 1). The condition that 
two lines (w) and (v) shall be conjugate with respect to a conic: 


4 
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(Ax)? = 0 = (Bx)? = (Cx)*, is obtained by equating to zero 
the discriminant bordered with coordinates wu, v; it is: 


| 
} 3 3B, 2 2 — 
GQ) FU) = | OC CC, Cats 7 ame i 
| ca My Us : | 


Expanding this we may write it: F’(w,v) = > » BsC3(BoC3) 
ine APs ALB " 
Replacing B, C in the first summation by A, B, and arranging 
factors: 


(2) Fu, v) = aR (A, Bs) bp v, As Bs + De (A,B) c v3A,; Bo. 


Exchanging letters 4, B will not alter the meaning, but will 
evidently change the sign of the determinants like (4.83) 
= A,B,— A3B, = —(B2As). One of these occurs in every 
term, hence we find: 


(3) LGv) = => Uy (ABs) - 1 As Be — Us (As B,) - vzAoBy. 


Add equations (2) and (3), and combine corresponding terms: 


2 F(u,v) = > mu (4eBs)- 0, (AaBs) + >) tte (Ag-By) * vg (Ay Bs) 


= [Dim (4oBs)] - |D v1 (42Bs)] 


7 (11 A2B3) (vA Bs) — (A Bu) (ABv). 


THEOREM. The condition that two lines (u), (v) shall be con- 
jugate with respect to a conic whose equation is denoted by (Ax)? 
= (Ba)? =0 may be written briefly in the form: (ABu)(ABv)=—0. 

The condition that a line (u) shall be conjugate to itself, 
that is, that it shall be tangent to the conic, or the tangential 
equation of the conic is in abbreviated notation the following: 


(ABu)(ABu) or (ABu)? = 0. 


The equation of the poloconic of a line (w) with respect 
to the cubic: (ax)? = 0 was given by a bordered discriminant 
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(III, § 10); it is namely the tangential equation of the conic: 
(ax) (ay)? = 0, interpreted however as having constant (a) and 
variable (x). Hence its equation in condensed notation is this: 


(ax) (bx) (abu)? — 0. 


If the line (w) touches this its poloconic, it is a tangent of 
the cubic. The condition is again a bordered discriminant. 
We use the further abbreviation (4x)? (du)? for the above form, 
quadric in the two sets of coordinates (w) and (x); and since 
coefficients will often occur to the second degree, we use 
two distinguishable letters 6 and 6’, thus: 


(ax) (bx) (abu)? = (Ox)? (Iu)? = (O'x)? (Hu)? = 0. 


The discriminant of this quadric in (x), bordered with co- 
ordinates (w), gives the desired equation: 


(1) (Su)? (Hu)? (OO6'u)? = 0. 


To find the explicit formula in letters a and b, ¢ and d, 
coefficients of the fundamental cubic, notice that the explicit 
form (ax)(bx)(abu)? is derivable from the abbreviated form 
by the use of differential operators: 


(2) (ax) (ba) (adn)? = 4 [a “(6 FY (cat) 5) Coa) ou. 


gree 0 : 
[Here the expression ((a) 55] signifies Yar) <5). Applying 
3 


this operator twice to the equation (1), i.e. replacing the 
sign 6 by a and b, the sign 6’ by ¢ and d, in the complete 
operator 


92 


fe (« A 0 ‘al @ a (« sa (0 50) (ca-s5 ; 


we find the explicit equation: 


(3) (abu)? (eda)? {(ace) (bdu) + (adu) (bew} = 0. 
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This equation, (1) or (3), is the tangential equation of the 
non-singular cubic. For it contains the line coordinates 
to the sixth degree; if combined with a linear equation: 
Uy 0ty + Uses + uges, = 0 which requires the line (w) to pass 
through the point («), it must give six solutions. But the 
curve of third order is in general of class six, as already 
proven (III, § 3) by the aid of first polar. Since the cubic 
is part of this envelope, and is itself of class 6, it must be 
the complete envelope just found. 


§ 14. Poloconics touch the Hessian. . 


By the following loose argument it can be made to appear 
probable that a poloconic is tangent to the Hessian. Let the 
line « cut the Hessian in points A, ds, 4s, while C, the 
poloconic of uw, cuts it in six points Cy, Co,---,Cs. Each of 
these six points is on both Hessian and poloconic, and so 
has a conic polar which is degenerate and tangent to the 
line w. Of such there are only three, those whose nodes are 
at A,, do, As, (in proper contact). It seems therefore probable 
that the six points Ci, Co,---, (Cs, may coincide in pairs; and 
especially so since we know three points in which Hessian 
and poloconic must intersect, namely the three poles of 
degenerate conics whose nodes are Aj, A», As, i.e. the three 
points of the Hessian corresponding to Ai, 42, and As (III,§7). 
For these latter are poles of conics having nodes, and so 
improper contacts, on the line uw. Call the point corresponding 
to Ay, B;. The conic polar of A; has a node in B;, therefore 
the linear polar of A, passes through B,. This linear polar 
therefore meets the poloconic in B;, and touches the poloconic 
at some point (III, § 10), hence they are tangent at Bi. 
If now this same linear polar is tangent to the Hessian in By, 
so is also the poloconic. This must be formally investigated. 

THEOREM. The linear polar of a point A on the Hessian 
is tangent to the Hessian in the point B corresponding to A. 

Proor. If the coordinates of A are 1, @, «3; of B, B1, Bo, Bs, 
they are connected through the equation of the cubic: 
(asx)* == (bx)* =(cx)® = 0, by the relations (IIL, $7): 


ai(ac)(a8) = 0, be(be)(bB) = 0, eg(ca)(c8) = 0. 
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These 3 relations are consistent, since B is on the Hessian; 
and any 2 of them will give the coordinates («) as two-rowed 
minors of the Hessian: 


—au(aB)  ai2(48) — a13(a8) | 
H(8) = | bi2(0B) bo (BB) bog (D8) | = 0, 
| (13 (€8) C23 (cB) 33 (cB) | 


Call the minors complementary to the first row: Ay,, Ay, Ais; 
and similarly for the other rows. From the identities of this 
symmetric determinant we have: Hi, = Hs, Ais = Hai, 
Hz; — Hs. Since then the coordinates a, @:, a3; are pro- 
portional to the minors of any two rows or columns, we have 
in the following two arrays corresponding terms proportional. 


9 
| dd, gate Oe Ce, Ct Oe 
2 
17 Be yc ie i, and i es O00, 
, 2 
| 7, Hy, Hy Soa ato Se 


To find the equation of the tangent in B to the Hessian, 


apply the polar operator (2 sa) to H(@). This is most 


readily done by taking all constituents of any one row together; 
(since they are contained /inearly in the expanded determinant, 
this is permissible). The equation of this tangent is therefore: 


aii( az) » Hy + (ty2( a2) » Aye + d13( 2) - His 
+ bey (bz) « Hor + boo (bz) * Hoo + 13 (bz) * Hos ¢ —= 0. 
+ C31 (cz) » Hs + e239 (cz) » Hz + ¢33 (2) - Hs 


Replacing the quantities Hy, by the proportionate products 
a;a;, there results: 


D>, Mine 0 i0):(02) =— 0) or (an)*(ag) == 0; 


which is exactly the linear polar of the point A, q.e.d. This 
completes the proof of the theorem expected. 
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TuroremM. The poloconic of an arbitrary line is tangent in 
3 points to the Hessian of the fundamental cubic, and_ these 
points of contact are the double points of the conic polars of 
those 3 points in which the arbitrary line meets the Hessian. 
Of the three points of contact, two may be chosen arbitrarily, 
and the third is thereby determined. For if B, and Bz are 
given, their corresponding points on the Hessian, 4; and Ap, 
fix the line # and its third intersection As, which latter has 
for corresponding point the third contact Bs. 

The poloconics of a cubic are now seen to be a system of 
conics triply tangent to its Hessian. If the same curve can 
be Hessian to several cubics, it would have corresponding to 
each of those cubics a system of triply tangent conics. By 
(I, § 6) and (III, § 3) the number of different systems cannot 
be more than three. The question arises then whether the 
Hessian of a given cubic may possibly have the same relation 
to two others, and whether indeed every cubic may not be 
the Hessian of three different cubics. (See V, § 3. 

If two points of contact B, and By coincide in B, Bs is 
the point corresponding to the tangential of the coincident 
points A, and dy, say of A; and the conic hyperosculates the 
Hessian in B, having ordinary contact in Bs. In the system 
of poloconics there is at every point B one hyperosculating 
conic. If further the points B and By should coincide in B, 
the points A, A; must also coincide, making the line w tangent 
to the Hessian at a point of inflexion; therefore the tangent 
in B must pass through a point of inflexion. Points B on 
a cubic, in which a conic can have its six intersections 
coincident, are called sevtactic points. On a Hessian, the 
corresponding points of the nine inflexions are sextactic points. 


EVEL INFLEXIONS AND HARMONIC POLARS 


Or 
ice 


CHAPTER IV. 


Inflexions and harmonic polars. 


§ 1. The harmonic polar of an inflexion. 

A cubic is cut by the conic polar of a point wherever a 
tangent can be drawn from the point to the cubic. If the 
point Y is on the cubic: (ay)? = 0, from it only 4 tangents 
can be drawn (IJ, $3). It is possible to give a familiar 
geometric definition of the polar which determines these 
4 points of contact. If any secant YZ be laid through Y, it 
meets the cubic in two additional points X, and X, given by 
the equation: 


(ax)? = (a,y+4z)? = (ay)? + 32(ay)? (az) + 3822(ay) (az)? 
+ 4%az)* = 0, 
or 


)? 
0 = (ay)?(az) + A(ay)(az)? + g (2) 
Here 2:1 is the ratio of the distances YX: XZ. If the roots 


are 2,, 42, and we assume 7% such as to make the coefficient 
of 2 zero: (ay)(az)?> = 0, then 4,+4, = 0, ie. 


cx, Noe Xe XZ 


YX, 
a ge So 1. 
AZ ik XeZ yh YX2-XZ 


This asserts that the points Y, and Xs, are harmonic to the 
points Y, 7; that is, that 7 is the harmonic conjugate of Y 
with respect to the points where a secant through Y meets 
the curve. 

THEorREM. Jf on each secant of the cubic through one of 
its points Y we determine the harmonic conjugate of that point Y 
with respect to the other two intersections, the locus of these 
harmonic points is the conic polar of Y. When X, coincides 
with X, at a contact, the harmonic point 7 unites with them; 
and if X; approaches the pole Y along the curve, 7 must come 
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to coincide with Y at the same instant, so that the conic 
polar of Y is tangent in Y to the cubic (III, § 5). 


Derinition. Let Y denote one of the 9 points of imnflexion, 
then its conic polar separates, (III, § 6), into two lines, one of 
which is the inflexional tangent at Y. The second component 
is called the harmonic polar of the point of inflexion. It two 
points of the harmonic polar are known, the line of course 
is determined. As it is a part of the conic polar, it divides 
harmonically all secants through its corresponding inflexion. 
If then YAB and YCD are two inflexional lines (II, § 7), the 
two points harmonically separated from Y by A and B, and by 
C and D, respectively, will determine the harmonic polar of 
the inflexional point }. The nine points of inflexion and their 
nine harmonic polars are systems exhibiting a peculiar arrange- 
ment, now to be examined. 


§ 2. Lines connecting the nine inflexions. 

Disregarding at first the distinction of real and imaginary, 
consider the lines joining the 9 inflexions of a cubic in sets 
of 3. If we wish to assign to the points of inflexion the 
numbers 1, 2, 3,...,9, begin by assigning to any two among 
them the marks 1 and 2. The line (1, 2) contains a third 
inflexion, which may be denoted by 3. Connect each of the 
first three with another, e.g. with one denoted by 7; the 
lines (1, 7), (2, 7), and (3, 7) contain three additional inflexions, 
which shall be called respectively 4, 6 and 5. Now the line 
(123), the inflexional tangent in 7, and the line (4, 5) con- 
stitute a cubic through eight points; another through the same 
eight points consists of the lines (174), (276), (375); hence 
the ninth point must also be common to both, i. e. the line 
(4,5) must contain the point 6. (See IH, §5). The line join- 
ing 7 to one of the remaining points as 8, cannot contain 
1, 2, 3, 4, 5, or 6, hence it must contain the sole remaining 
point 9. The line (123), (456), (789) are seen to contain all 
the inflexions; the second and third were reached in a definite 
manner from the first, we conclude therefore that any one 
line joining three inflexions individuates two others contain- 


t 
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ing the remaining six inflexions. A given inflexion, as 1, lies on 
four such lines, hence there are eight others, or twelve in all. 

To make a complete scheme of these lines, notice that when 
three are found: (123), (456), (789), a line joining a point 
of the first to a point of the second cannot contain a second 
point of either, but must therefore have its third intersection 
at an inflexion on the third line. As the line (1, 4) contains 7, 
let (1, 5) contain 9, the (1, 6) must contain 8. These lines 
may be indicated by the following scheme, where for con- 
venience the points 7 and 1 appear in two positions: Since 
already three lines pass through 5, 

a fourth must contain 2 and 8. SO ea fog 
Inserting that, we observe three 2 5 8 
lines through 2, and determine a | 
fourth to be (249). The same 

reason gives us the remaining lines (483) and (369). To re- 
present in one scheme all twelve, each by three digits in 
aline, we must repeat certain digits, as in the following diagram. 
This complete scheme shows twelve lines, easily remembered 
in a square array as three 

horizontal, three vertical, and oe 
the other six corresponding 2 
to the six terms in the ex- ay] 
pansion of a determinant. 

DEFINITION. Hach set of three lines containing all nine in- 
Jlexional points of a cubic is called an inflexional triangle. 
The foregoing diagram, strictly from previous propositions, 
verifies the following theorem. 


THEOREM. The nine inflexional points of a cubic lie three 
and three on twelve lines constituting four inflexional triangles. 


§ 3. The intersections of harmonic polars. 


Denote the harmonic polars of the inflexions 1, 2, 3,... 
by Ju, he, hz, ... Look at any inflexional triangle, as (123), 
(456), (789). Secants drawn from 1 to 4,5, and 6 contain 
points on the third side, viz. 7, 9, and 8 respectively (Fig. 18) 
Accordingly the harmonic conjugates of the point 1 with 
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respect to 4,7, to 5,9, and to 6,8, lie on a line passing 
through the intersection of (456) and (789). That is to say: 
the harmonic polar of a point on any side of an mflexional 
triangle must pass through 
the vertex opposite to that side: 
The harmonic polar of each 
inflexion must pass then 
through four vertices, one 
in each triangle; and each 
vertex lies on three harmonic 
polars, those whose inflexions lie on the opposite side of the 
triangle. So the harmonic polars pass by threes through the 
vertices of the four triangles; and as the 12 sides pass by 
fours through the inflexions, so 12 vertices lie by fours upon 
the polars. 

The same facts are also stated thus. Each inflexional tri- 
angle lies in perspective with any other from six different 
centers, the vertices of the other two inflexional triangles. 


§ 4. The number of real inflexions. 


To find how many inflexions are real we may study the 
equations of cubic and Hessian, or we may look more closely 
at the relative positions of the inflexions on the sides of an 
inflexional triangle. Take first the latter method. Let the 
sides (123) and (456) meet in a point P (Fig. 19). From 
the inflexion 7 (IV, $2) the points P, 4, 5, 6 of the one line 
can be projected upon P, 1, 3, 2 of the other line, as is 


Fig.19 


seen by reference to the list of inflexional lines. Similarly 
from the point 8, P, 4, 5, 6 are projected upon P, 3, 2, 1; 
and from the point 9, upon P, 2, 1, 3. But by projection 
the cross-ratio of any four points is not altered (Salmon, 
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Conics, p. 55). Therefore we have the three equal cross- 
ratios (P 132) = (P213) = (P321). Denote one of these 
by x, and express the others in terms of x: 


Pie 20 P2 -13 1 
Pose Pers 619.9 le 
P3 +21 nee em 

Pl - 23 © 


1 i 
fey, Ande 7 —— vl IES 


These being equal, we have: x = - 
and from both: 2?7—xz+1—= 0. 
The roots of this equation are imaginary,—in fact, they are 
the imaginary cube roots of —1. Four points whose cross- 
ratio is one of these imaginary cube roots of — 1 are called 
an equianharmonic quadruple: this gives us a theorem. 

THEOREM. Upon each side of any inflexional triangle the 
cross-ratio of the three inflexions and either one of the vertices 
is an imaginary number, equal to one of the cube roots of 
negative unity. In other words, these four points constitute 
always an equanharmonic quadruple. 

We know already (J, § 5) that on a cubic without double 
point three of the inflexions are real, and that these lie on 
a line (II, $7). That line belongs to one inflexional triangle, 
but the two vertices of the triangle that lie on that real 
line cannot be real points, for four real points would have 
a real cross-ratio. These two vertices being imaginary, the 
other sides of the triangle are imaginary. An imaginary 
line cannot contain more than one real point; hence, of the 
three inflexions on each imaginary side, at least two are 
imaginary points. If one of these imaginary points of inflexion 
be joined to each of the real inflexions, the three imaginary 
lines resulting must contain, each of them, two imaginary 
inflexional points. Accordingly all the inflexions on each 
of these imaginary sides are imaginary. This proves the 
following proposition. 

TueoremM. A real cubic which has no double-pomt or cusp 
has six imaginary and three real points of inflexion. 
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The six imaginary points of inflexion must be three pairs 
of conjugate imaginaries, for they lie upon a real cubic and 
its real Hessian. Therefore the two imaginary lines just 
now considered must each contain one point from each pair 
of conjugate inflexions, because a line through two points 
of any pair would be necessarily a real line. How many 
then of the remaining nine inflexional lines are real? Evidently 
three, those connecting pairs of conjugate points. Do these 
three real lines pass through all three real inflexions, or do 
two or more lie through the same real point? Call the-pairs 
of conjugates A,, 4s; B,, Bs; Ci, Cs. The real point of 
(A, B,) lies also on (4, Bs), that of (4,;Bs) on (42 B,), ete. 
Through each real inflexion must pass therefore an even 
number of imaginary (conjugate) lines of inflexion; these 
cannot be more than 3 in number at any one real point 
(IV, § 2), nor can they be zero in number at any point, 
since then there would be 3 at each of the other two real 
points, hence there are exactly 2 at each point. Therefore 
the three real lines joining conjugate imaginary inflexions 
contain all three real inflexions, and constitute an inflexional 
triangle. 

THEOREM. Of the four inflexional triangles of a cubic, only 
one consists of three real lines. One has one real side and one 
real vertex (opposite the real side). The other two have all 
their sides and vertices imaginary, the sides of the one being 
respectively conjugate to the sides of the other. Exchanging the 
words point and line, vertex and side, a corresponding dual 
theorem can be stated for the intersections of the nine harmonic 
polars, that is, for the inflexional triangles considered as sets 
of 3 points. 


§ 5. Equations of inflexional lines. 


When we assume the one real inflexional triangle for a 
triangle of reference, the equation of the cubic will have fewer 
than 10 terms, 6 must disappear. Through any one vertex 
will pass the harmonic polars of the inflexions on the opposite 
side (IV, § 3); those are components in the conic polars of 
the points of inflexions, therefore the linear polar of each 
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vertex goes through all three inflexions on the opposite side 
(III, $ 9), and is itself that opposite side. Hence the second 
polar 

Chie = No ee 0) IS 0) 
of (Y = 0, » = 1, ys = 0) is x == 0, 
0 


of (1 = yy = 0, Y= 1) ISS ge S= 


Therefore the only terms containing x}, #3, v; are those in 
x:, x3, x3. For any term z?x, would give rise, in the linear 
polar of (1, 0, 0), to a term in a. After these three terms 
a fourth is admissible, containing z1z273. The cubic equation 
must have then the form 


da, bx ce, | Ode ae, == 0. 


To simplify further, take 


, 


Lh x5 x3 —d 


Then removing primes we have Hesse’s normal form of the 
cubic equation: 


TA 


a Fe) = @+2+R—6m2,2,7, = 0. 


Each side of the triangle of reference now meets the curve 
in points of inflexion. The coordinates of the nine inflexions 


are therefore: 


v= 0, x2/73 = —1, —o, or —o?; (w*? = +1) 
x2 = 0, tte / 4 == Sy ey OF —w’; 
4 6 0, a / ae = ile MD or rie 


Noticing what sets of three lie on right lines, we have an 
arrangement corresponding to that in (IV, § 2). 

(0, 1, == 19) (0, 1, —w°) (0, 1, ==) 

a, 0, 1) (— o?, 0, 1) (i, 0, 1) 

; —— 0) Ue ty, 0) Cy =, 0) 
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= 


This table giving explicitly the coordinates of all inflexions 
can be abbreviated to a mnemonic scheme by using only two 
indices for each point. The first index shall denote the side of 
the triangle, 1, 2, 3 according as 7; = 0, x2 = 0, or xs = 0. 
For the second index, consider the coordinates in cyclic 
order (123) and take the ratio of the second after a zero 
to the first after the zero: it is —w', —w?, or —w? (w? =1). 
Write the exponent of this power of for the second index. 
Thus in the second column, third row, occur the indices 3, 2, 
showing that the point is on the third side (vs = 0), and is, 
so to speak, the second inflexion on that side, i.e. v/a, = w?, 
The table becomes the following 


it 12 13 
24 22 23 
31 32 33 


Any three that lie on a line have for the sums of first indices 
and of second indices respectively multiples of 3. This res- 
embles closely a scheme which will result later from the 
application of elliptic functions. 

The equations of inflexional lines may be calculated from 
the coordinates of the inflexions, or they may be obtained by 
factoring. If the equation of the curve has the form 


pQr = CH 203 


when referred to the real inflexional triangle, we know that 
p=090, ¢=0, and r — 0 are inflexional lines, for they meet 
the curve in its intersections with 21 = 0, v2. = 0, and a3 = 0, 
and those are exactly the nine inflexions. Now we can bring 
the equation of the cubic into this factorable form in three ways. 


Tt ae One, == Sam lo, 
oe lah aa 3 OX,LL, = 3(2m—o)x,2,%,, 


i ln ly — BO ha 3(2m— w*) 7,252. 
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The left-hand member is factored by inspection. The equations 
of the sides of the other three inflexional triangles are 
therefore these: 


I. 4 a,-- %, = 0, GOs Ot a Oy 
Te a ay, = 


Ii. T+ Lo wx, —= 0, r+ ore, +x, = 0, 
Ba ew, == Os 


EVs, LA kat Ox, == 0, oo OL LO, 
OL AL, e, == 0. 


Only one of these lines is real, the first in II; the others 
in IJ are conjugate imaginary lines, and so have a real inter- 
section. The 3 lines of triangle III are seen to be conjugate 
respectively to those of triangle IV, as the constants » and 
> are conjugate. 

The lines of IJ intersect the lines of III in 9 distinct points. 
Hence Hesse’s explicit equation (J) is the evidence that there 
are cubic curves with equations involving 9 arbitrary constants, 
which meet their Hessians in 9 distinct points. 


@ 


§ 6. The nine points of inflexion are inflexions of 
every cubic which contains them. 


Before attacking the Hessian by an algebraic method, it 
is of advantage to notice a geometrical fact. Secants from 
any inflexional point, meeting the curve in two additional 
points, are cut by the conic polar in a fourth point harmonic 
to the point of inflexion. Four such secants from one in- 
flexional point are inflexional lines of the cubic, and the four 
harmonic points lie in a right line, the harmonic polar of 
the first inflexion (IV, § 1). Now the Hessian also contains 
these 9 inflexions; hence any one of the 9 must have four 
points of its conic polar with respect to the Hessian lying in 
a line. Therefore this conic polar is degenerate, 1. e. the 
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point is an inflexion of the Hessian. The same argument is 
valid for any other cubic containing the same nine points. 


THEOREM. All cubics passing through the 9 intersections of 
a cubic and its Hessian have these intersections for inflexional 
points; and all these curves have the same system of 9 har- 
monic polars. 

In particular the Hessian has the same inflexional points, 
though not the same inflexional tangents, as its fundamental 
cubic, and accordingly the Hessian of the Hessian passes through 
the same 9 points. 4 

That the cubic and its Hessian have in general different 
inflexional tangents is apparent from this, that if they have 
one such in common, they must have at least 11 points in 
common (the contact at an inflexion being counted as 3 points), 
and so must coincide throughout. Then each point 4 on the 
cubic, as being on the Hessian, must have for linear polar the 
tangent in some other point B of the Hessian (III, § 14), 
i.e. of the cubic; but the linear polar of A is the tangent 
in A, and cannot touch elsewhere unless the curve is degenerate. 
Hence no proper cubic coincides with its Hessian or has with 
it a common inflexional tangent. 

Let us calculate the equation of the Hessian H(x) from the 
normal form: /(@) =02 4-23 38 — 6m ag 0, 


| BS eRe 
(1) HAg) = | Sg Cy 9 a, 
| == MX, —— Me ae | 


= nee ae ew) ee 


If m is not zero, divide by —m?, so that the equation of 
the Hessian curve becomes: 


; : 4 , 1—2m> 
(2) oor -f- Ls -+- He a en UL LoXe — 0; 


or, setting w = 
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it may be written: 
(3) Pda t,- OM re. == 0), 


If the cubic and its Hessian were to coincide, we must have 


1—2m? 
(4 m= b= ——— 
) o 6m? 
em == 0 or else: y= ‘oo, 
5 
) J 1 @ a” 
Ba eh Ole unless m = ©. 


Substituting these four values, we have the four cubics: 


3 3 ts See EO is ns 
Cae ae On A 


~ 


oe - Lis -E a, — BOX, Ly == 
3 yet a 
De De BO 


LLL == 


~“e 


Se sows 


These are the four sets of three inflexional lines otherwise 
found in §5. This amounts to a verification of the above 
statement, that no proper cubic coincides with its Hessian. 

The curves: f(x) = 0 and H(x) — 0 being in general two 
distinct cubics through the 9 inflexions, and their intersections 
lying no more than 3 on any line, no more than 6 on any 
conic, every other cubic through the same 9 points: F(x) = 0, 
must have its equation linearly compounded of the first two 
(tess)! F(x) 44-7 oi +49: (a). 

DEFINITION. The simply infinite totality of all cubics having 
in common their nine points of inflexion is called a syzygetic 
sheaf of cubics. If one of them, having no double point or 


cusp, has the equation f = 0, and its Hessian, the equation 
H = 0, every curve in the syzygetic sheaf has an equation 


of the form: 
Aye f+ dy H Pass 0. 
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CHAPTER V. 
Invariants of Hesse’s normal form. Geometrical 
applications. 


§1. An invariant relation among a cubic, its Hessian, 
and its pro-Hessian. 

Derinition. Jf a cubic H is the Hessian of another cubic C, 
then C is termed a pro-Hessian of H. 

The equations of a cubic and its Hessian being, as above 


respectively: J == 22spai<- ¢. = Omara.x, —= 0, 
(1) Hy == —m? (ae aa Xe a is === 6 : LLL == (1 


the Hessian of the Hessian, or second Hessian of the cubic, 
will have the following equation: 


a) (— m2) (— pe?) {a8 + a8 + x 


/ 
— 6m +x, 00,\ 


ww 


Expressed in terms of m, this is: 


Q) Hale) == 


1 6 m2(1—2 m3) (x; + 23 +2) | wre 


216 | — (216 m®—2(1— 2m3)’) ete J 


From (1) and (2), eliminating the quantities: (a+ ax + 3) and 
X,%C,, We Obtain an identical relation: 


Hy(x) —6m2(1—2m’) 216 m&—2(1—2m3)* | 
T(x) 216 64m 0) 
H (x) 216m? —216(1—2m') | 


The importance of this relation lies in the fact that 
projection transforms these three cubics: f= 0, H = 0, and 
Hy == 0, into three others, each the Hessian of the one 
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preceding it. Hence the identical relation must have for 
coefficients functions of m which by linear transformation, 
(with any inflexional triangle as the triangle of reference), 
are unchanged except by some multiplicative constant. Expand 
the determinant, and remove the factor (1 — 8°). 


(3) Har) = 


sg (m-+ my. f(a) + wll + 20m? — 8m). H(z). 


The two functions of m in the right-hand member are the 
invariants usually denoted by S and 7’ 


eS ee a = 14+ 20m— 8m’. 


(4) 


The equations (1) of cubic and Hessian differ only in the 
values of the parameters m and w. Hence every cubic of 
the syzygetic sheaf (IV, § 6) has also an equation of the form: 


(5) ee Ce OK ie nO, 


k denoting a parameter. We can use identity (4) to determine 
again the number of triangles which occur as degenerate 
cubics in this sheaf. A cubic consisting of 3 lines coincides 
with its Hessian, (for the latter meets it in the 9 base points 
and in its 3 double points, as shown in III, § 4). If then 
H = 0 denotes a triangle, Hy = 0 gives the same triangle, 
and if f= 0 denotes a proper cubic, since 


Dn aep es 8 a. A 
ae 

we must have S=—0, i.e. m—m*=0. This gives four 
values for m, hence as before we see that four triangles 
occur in the syzygetic sheaf, and now we note that each 
one is the Hessian curve of a proper cubic. 

THEOREM. Every cubic which has its invariant S equal to zero 
has for its Hessian curve one of its own inflexional triangles, 
and for its Cayleyan curve (III, § 8) the three vertices of that 


5* 


68 PLANE CURVES OF THE THIRD ORDER 


triangle. In every syzygetic sheaf containing proper cubics 
without double points there occur 4 such special curves. 

If we set the other invariant equal to zero: 7’— 0, there 
are six values of m, 2 real and 4 imaginary; and by (4) we 
see that the curve coincides with its second Hessian. 


THEOREM. In a syzygetic sheaf there are im general six, two 
real and two pairs of conjugate imaginary cubics, each of which 
coincides with its second Hessian. These form three pairs, 
each member of a pair being the Hessian of the other. 


> 


§ 2. The Problem of the inflexions algebraically 
formulated. 

If the cubic is given by its equation, referred to an arbi- 
trary triangle, how can the inflexional points and lines be 
found? We have seen that if the equation were in the form: 


3 3 —s = 
eee ae Ome 2, — 0 


the coordinates of the 9 inflexions could be written down at 
once (IV, § 4). The problem of finding the inflexions is 
therefore identical with that of reducing the equation to such 
a form, called the “Normal form of Hesse”. For a real cubic 
without double point or cusp it was proven (IV,’§ 5) that 
the equation can be so reduced. Hence when the equation 
is given, it must first be discovered (by tests to be discussed 
later) that no double point exists; then there are inflexional 
triangles by whose aid the reduction can be effected, and 
the process of finding them would be as follows. 

Let f= 0 denote the given cubic equation. Compute its 
Hessian Hr— 0. Construct the equation of a general cubic 
through the 9 inflexions: f+ 4-Hy= gy = 0. For this com- 
pute the Hessian H, and the second Hessian ie the latter 
will be lies as a linear combination of » and HH, 
(V8 1): A? = =7 (8 Pee g+a8 T,:H,. To determine 
(S ey and 7, it will be sufficient to compare two terms in » 
sii the comesponning terms in Hi, and Be We use the 
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notation: S,, 7, to indicate that S, and Ty are related to 
the general cubic y just as S and 7’ (V, § 1) are related to /f; 
the present equation is so far our only definition of these 
forms when ¢ is not reduced to normal form. Since » con- 
tains 4 to the first degree, H, must contain it to the third, 
a? therefore to the ninth ina hence in S, 4 will occur 
to the fourth degree. Now for the curve: H, = 0 to degen- 
erate into a set of three inflexional lines, it must coincide 
with its own Hessian (V, § 1), that is, if g = 0 is a proper 
cubic, cy must contain H, as a factor. According to the 
above identity, the condition for this is: 


Sp = 0. 


This is an equation of degree 4 in 4. If it were solved, the 
roots being denoted by 41, 42, 43, 44, the equations of the 
4 triangles are 


A (f+A, Hr) = 0, A (g;2,H;) = 0, 


A(f+H) = 0, A(s+AH,) = 0. 


Each such Hessian is now the product of three linear factors, 
corresponding to inflexional lines. To discover these factors 
requires in each case the solution of two cubic equations. 
After factoring that one of the four, all of whose linear 
factors are real, it is sufficient to introduce those factors as 
three new variables, when the transformed equation will have 
necessarily the desired form, the normal form of Hesse. One 
reduction being found, the others are then already known. 
Cases requiring special investigation are those in which the 
equation: Sy = 0, has either more or fewer than four distinct 
roots. 


§ 3. Invariants S and T of the Hessian. Pro- 
Hessians. 
If the Hessian were written as 


tM argo Feel Gt he Oe yon 
De Aaa, POE, 
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its invariants corresponding to S and 7’ could be found by 
substituting « for m in the formula (§ 1): 


S = m+m', T = 14+20m?—8m'. 


Since the expression adopted (V, § 1) for the Hessian differs 
from the above by the factor (—m*), this factor must appear 
to the 4th power in the invariant S, to the 6th power in 
the invariant 7’, of the Hessian. Calling these Sq and Tz 
respectively, we have for their values: 


> 


Sa = mut pe!) = ae [68m°(1 — 2m*) + (1 —2m*)'], 
(1) 
Ta= m? (1+ 202—8 2°) 


= =z [6%m2-+ 20. 63. m°(1— 2 m3)>— 8(1 — 2. m3)’]. 

Reducing these, we find them expressible rationally in S and 7. 
i! ‘ - il eee < 

(2) Sx == ge (T° — 488 ys Sa = ge BTW28°— 7"). 
Eliminate S and find the equation for 7'in terms of Sy and J'y: 
(3) 12 -OSe Ee OT 7p 
This relation can be used, if the invariants of the Hessian 
are known, to find three values for the invariant 7 of its 
fundamental cubic. Recall now the relation (4) of (V, § 1): 
(4) 49?.f = 108Hp—T-H. 
If the equation: H = 0 of the Hessian were given, we have 
here a means of finding the fundamental cubic, unless its 


invariant S is equal to zero. If S = 0, from (2) we see that 
we must have a relation: 


(5) Tx— 64S = 0 
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between the invariants of the given Hessian. Whenever this 
is not satisfied, three values of 7’ can be determined from the 
cubic (3), the Hessian of the Hessian can be computed, then 
the right-hand member of (4) equated to zero will be the 
equation of a fundamental cubic for the given Hessian.* This 
proves the following theorem. 

THEOREM. Every given cubic whose invariants do not satisfy 
the relation: T?—648* = 0 has three other cubics as pro- 
Hessians, and no two of the three can coincide. When the 
given cubic is real, if T?—648? is negative, the three pro- 
Hessians are all real; if T? —64S® is positive, one is real and 
two are imaginary. 

The proof of the latter part of this theorem comes from 
considering the discriminant of the cubic equation (3) in 7’ 
If the roots of (3) are real and unequal, two equal, or two 
imaginary, the pro-Hessians: f= 0, given by formula (4) will 
be real and different, two coincident, or two imaginary. Real 
cubics are thus divided into two classes by the nature of 
their pro-Hessians, and the compound invariant: (T?— 648%) 
is called the Discrinunant of the cubic. 


§ 4. Cross-ratio of four tangents from a point of the 
Cubic. Conditions for a double-point and for a cusp. 

From any ordinary point (~) of a cubic which has neither 
doublepoint nor cusp four tangents can be drawn to the curve; 
their equation is (III, § 3): 


(1) 9(ax)(ay)*: (bx) (by)? — 12 (ax)? (ay). (by)? = 0. 


The cross-ratio of the four tangents is identical with that of 
the four points in which they meet an arbitrary line, as the 
line: yz = 0. If in equation (1) we set y; = 0, it becomes 
a quartic equation in the ratio 71 : y2, having as coefficients 
certain functions of the coordinates (x). But the cross-ratio 
of the four roots (y1 : ye) of that equation depends only upon 


*Note that it is not stated that when 7*— 649° = 0, a pro-Hessian 
cannot be found. That is not true. See article by P. Gordan, Trans. of 
the Amer. Math. Society, Vol. 1 (1900), pp. 402-413. 
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the absolute invariant 77/7? of that quartic equation,* that is, 
upon a rational fractional function of the coordinates of the 
point (x) on the cubic, y(x)/W(~). Hence when this cross ratio 
is equal to any constant k, the value of y(x)/w(x) must assume 
a corresponding value K i. e. (~) must satisfy the equation: 
p(x) —K- W(x) = 0. When we give the cross-ratio k the 
value +1, two points must coincide. Let Ay be the corres- 
ponding value of K, then the equation 


(2) g(x) — K,- (x) = 0 ‘ 


must denote a curve cutting the cubic: f(z) = 0, in points 
from which double tangents can be drawn to the cubic. The 
inflexional points cannot count as such points, because from 
them three tangents can be drawn which do not coincide 
with the infiexional tangent; and since no line can be tangent 
to the cubic in two distinct points, the curve (2) does not 
intersect the cubic. Hence the order of the curve (2) cannot 
be different from zero, i.e. the ratio p(x)/W(x~) is constant 
at all points of the cubic. 

To prove this by explicit calculation, use the normal form: 


(3) fe) ==haa)? == a ae oe Oma 


From this, computing the terms of (1) and setting * = 0, 
we have for the biquadratic in y:: y. the following: 


yf (ei — Bmax) + 4yty, (02 + ma,2,) — 6 y2y2(2 mx? + x,a,) 


(4) 
oP Ay ys (0G rie Miatad,) “Ue es et) 


For brevity write the equation thus: 


Oyo FAs AYs F 6 Oa4its + 4M Y3 + Ayyy = 0. 

*See BuRNsIDE and Panton: Theory of Equations (1899), Vol. 1. Ch. 6, 

Example 16; p. 148. Also Cresscu: Binare Formen (1872), p. 169, § 50; 
and ANpoyeR: Théorie des formes (1900), Vol. 1, p. 100, § 97. 
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The two invariants of this binary form, ¢ and j, are thus 
defined: * 


7 = ey 2 
1 == BpyUy,— 40,045 + 3 03,, 


yo 


Introducing the values of the az from equation (4), we find 
that x; and x2 can be eliminated together by the aid of (3). 


t= 12(m+ m')at = 1224.8, 
J = 1+ 20m?— 8m) = 28.T. 
The cross-ratio k is any root of the equation: + 


- (k2— ke +1) Eee eerie: 
(A+1)?(k—2)?(2k—1)? 1087? PS 


Now S and T are invariants, and the ratio S*/7? does not 
depend upon the coordinates of any particular point on the 
cubic. Hence the equation (5), from which / is to be found, 
is the same for all points of the curve. This confirms the 
proof of the theorem following. 


SALMON’S THEOREM. The cross-ratio of the four rays drawn 
tangent to a non-singular cubic from any point on the curve 
is a constant number, the same for all points upon the cubic. 

If two non-singular cubics have this constant cross-ratio 
equal, they are projective to each other. For at an inflexional 
point A of the one, the inflexional tangent AZ’ and the other 
three tangents: AB,, ABs, ABs, are projective to four similar 
lines: A’7”, A’Bi, A’Bs, A’B3 of the other. It is always 
possible to project four points AB,B6.B; upon four others, 
A’ B}BsB3, hence the fourth line AZ’ will fall upon A’7”, 

* AnpoyER’s Théorie des formes, (1900), Vol. 1, pp. 97 seqq. § 92. 

+ Ibidem, §$§ 96, 97. 
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and the two cubics have in common 3 ordinary points with 
their tangents and an inflexion with its tangent, the equivalent 
of 9 points. But since the 3 ordinary points le on a line 
(the harmonic polar of A or A’ (IV, § 1)), any one addi- 
tional point C of the first curve can be brought to coincide 
with C’, the point in which AC now meets the second curve. 
Having then 10 common points, the two cubics must coincide 
(Sal): 


THEOREM. Not only must two projective cubics have the same 
cross-ratio of the four tangents drawn from any one of their 
points, but conversely any two cubics characterized by equal 
cross-ratios are projective. Hence all cubics whose equations 
give to the invariant ratio S*:T? the same value are pro- 
jective to one another. 


DeFInitTion. The ratio S*: T? is called the absolute invariant 
of a cubic with respect to projective transformations. 

When the cubic has a double point, the number of proper 
tangents through every point is diminished by 2; by 3, if it 
has a cusp (IH, $3). In case of a double point occuring 
on the curve, therefore, two of the four tangents here con- 
sidered must coincide in the line from (x) to the double point; 
the cross-ratio k must then have a value: k= 1. In case 
of a cusp, three tangents have come to coincide in the line 
joining (x) to the cusp, whence /: is indeterminate. By equation 
(5), the value: k= 1 gives the condition: 7*—64S* — 0; 
and for & indeterminate we should have 7 — S — 0. 


THEOREM. The proper cubic curve has a double point if 
its equation gives for S and T values, different from 
zero, satisfying the condition: T?—64S* = 0. The proper 
cubic has a cusp, when both T = 0 and S = 0, and not 
otherwise. 

For the argument is convertible; four rays have a cross- 
ratio: 0, 1, or «© only when two coincide; and an indeter- 
minate cross-ratio only when three coincide. 

If the tangents form a harmonic set, k has the value —1, 
2, or 5, therefore 7’ 0. The set is called equianharmonic 
when k® = 1, k + 1, therefore 4? +4+1 =; for this value 
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we find S = 0. These names are often attached to the curves 
characterized by these particular cross-ratios. 


DEFINITION: Harmonic cubics are those whose tangents from 
any point of the curve form a harmonic pencil; and such curves 
have their invariant T= 0. Equianharmonic cubics have for 
ther characteristic cross-ratio an imaginary cube root of unity, 
and their invariant S = 0, while their Hessians are degenc- 
rate (V, § 1). 

For the division of cubics without double points into classes 
(V, § 3) there is a second and more simple geometrical reason. 
If a cubic has only the odd branch (I, § 3), from any point 
on that branch only two real tangents can be drawn. (See 
Note I] of Appendix). If the cubic has two branches, on the 
other hand, from points on the even branch no real tangents 
can be drawn, while from points on the odd branch four 
real tangents radiate, two to the odd branch, two to the 
even branch. In equation (4) the case of two real and two 
imaginary roots is distinguished from those of either four 
real or four imaginary roots by the sign of its discriminant 
(7? —27j*). This is negative in the former case, positive in the 
latter. But by equation (5), from 7?—27;? 20 it follows that 


T?— 648° =0. 


This together with § 3 of this chapter gives the following 
theorem. 


THEOREM. When the discriminant of a veal cubic is positive, 
T*— 648°> 0, the curve is unipartite, and is the Hessian of 
one real and two imaginary cubics. If the discriminant as 
negative, T?—64S*<0, the curve is bipartite and is the 
Hessian of three real cubics. 

From the values of Sg and 7, the two invariants of 
a Hessian, we can determine whether the cubic and its Hessian 
are of the same class or not. Those values are (§ 3) 


ae 


1 23 rye 
Sx i ; (4? — 488"), Lz = 6° (8 TU2S°— T")). 


o> 


76 PLANE CURVES OF THE THIRD ORDER 


Substituting these values in the discriminant of the Hessian 
we find 


2 6 , nm 
Ty— 64Sy = = (—8)(T?— 64,83). 


Since S is a real quantity, —S® is negative, hence the cubic 
and its Hessian have discriminants of unlike sign. This gives 
the theorem: 


THeorEM. A bipartite real cubic curve has a wnipartite 
Hessian, and vice versa. The Hessian can have a node only 
when (1) either the cubic itself has anode or (2) the cubic is 
equanharmonic (i.e. when S = 0). 

As a corollary we can infer that a real cubic cannot be 
projective to its Hessian unless both have nodes; for real 
collineation or projection cannot relate a unipartite to 
a bipartite curve. 

For a cubic that has a real node, the lines which intersect 
the curve triply at the node may be axes x, = 0 and a, — 0; 
take the tangent in the real inflexion for z; — 0. Then the 
curve and its Hessian have the equations: 


(x, + x2)? — 6ax,rex3 = 0, 
ae X2) (a, ie 22)” + 2ax, Xx, = 0. 
These have nodes at the same point, but are convex in opposite 


directions toward the axes at that point. Also, common points 
all lie on the 3 lines through the nodes 


(a1 + 22) [er + %2)? + 3 (1 — a)*] = 0. 


Therefore there are 3 distinct points of intersection, and no 
more, outside the node, — one real, two imaginary. A cubic 
curve with areal node has one real, two imaginary inflexions, 
the node is said to absorb the other six, A curve with a cusp is 
discussed in similar manner, and the cusp is found to “absorb” 
eight inflexions. 


+1 
co 
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CHAPTER VI. 


Pairs of corresponding points on the cubic. 


§ 1. Tangents at corresponding points meet on the 
curve. 

If (x) and (y) denote corresponding points on a cubic whose 
equation is (Hz)* = 0, while the equation of the pro-Hessian 
which mediates the correspondence is (az)? = 0, then the 
tangents at (~) and (y) respectively are given, (III, § 14) by: 


(1) (ay)’(az) = 0, (aax)?(az) = 0. 


The relation between (~) and (y) is given by the 3 equations 
(III, § 4): 


(2) a(ax)(ay) = 0, ads(ax)(ay) = 0, as(ax)(ay) = 0. 


Or for any arbitrary point (2): (ax)(ay)(az)=0. Denote 
by (z) the intersection of the two tangents (1). The conic 
polar of (z) contains not only (#) and (y), but all points of 
the line (x,y); for if 4 = a+ 4m, @ = 1,2, 3);-we have: 


(3) (az) (at)? = (az)(ax)? + 22(az) (ax) (ay) + 47 (az) (ay)? = 0, 


because by equations (1) and (2) all three terms of the second 
member in (3) vanish independently. Therefore the conic 
polar of (z) must consist of the line (x, y) and another line, 
and (z) therefore must lie on the Hessian, i.e. on the cubic 
(Hz)’=0. As (a, y) is one part of the conic polar of (2), 
the point corresponding to (z) must lie on (x,y), namely at 
its third intersection with the cubic (Hz)*= 0. 

THEOREM. The line joining two corresponding points on 
a cubic considered as a Hessian forms part of the conic polar 
of a third point of the cubic with respect to the pro-Hessian, 
and in that third point. or pole, the tangents at the first two 
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points intersect. The point of the cubic corresponding to this 
intersection of the tangents is the third intersection of the cubic 
with the secant through the first two pornts. 

The Cayleyan was defined (IIJ,§ 8) as the envelope of 
degenerate conic polars. The theorem just proven enables 
us to add: the Cayleyan is also the envelope of lines joining 
pairs of corresponding points on a Hessian. Is then every 
constituent line in a degenerate conic polar a join line of 
two corresponding points on the Hessian? 


§ 2. Every tangent of the Cayleyan joins two 
corresponding points of the Hessian. 


Assume two corresponding points A, B on a proper cubic 
considered as a Hessian. Call the cubic H, its pro-Hessian F’, 
and its Cayleyan K. The conic polar of B with respect to 
F consists of two lines, AC, C; and AD, Dz, where Ci, Cs, 
D,, Dz denote points upon H. 
It is to be proven that C, and 
Cy are corresponding points, 
as also D; and Dy. Let Ci be 
the corresponding point to Ci. 
Through C, will pass three 
tangents to the Cayleyan K, 
namely two constituting the 
conic polar of C1, (dotted lines 
in Fig. 20), and the join line of C, and C; CII, § 8 and VI, § 1). 
With which of these three does AC, Cy coincide? With neither 
of the first two, unless the pole Ci coincides with PB,* the one 
point having AC, C, for part of its conic polar; were this so, 
it would require C; to coincide with A, and the line AC] to 
be tangent in A, i. e. to be the linear polar of B with respect 
to F. But the linear polar cannot coincide with part of the 
conic polar, unless the latter is a doubly counting line and counts 
as part of a degenerate Hessian; whereas H is taken as 
a proper cubic. Since no point contains more than three 


*Tf B and C’, both had C, C, as part of their conic polars, every point 
on C, C, would have the line BC{ for its linear polar, whence C, C, 
would lie wholly in the Hessian A. 
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tangents to the Cayleyan, and C, C, does not coincide with 
either of the first two, it must coincide with the third, namely 
with C, Cz; i.e. Ci must be the point CG. q.e.d. Similarly 
the point corresponding to D, is D.. The converse of a theorem 
in the preceding section is therefore true, as follows. 

THEOREM. Every tangent to the Cayleyan, that is, every line 
constituting part of a degenerate conic polar with respect to 
a pro-Hessian, connects two corresponding points on the cubic. 
This joined with the latter part of the theorem in § 1 gives 
an interesting corollary: the four points, different from the 
double-point, in which a degenerate conic polar meets the Hessian, 
have a common tangential point, namely the pole of this 
degenerate conic. 


Another important corollary is obtained by altering the 
terms, and recalling the prime property of conic polars 
(IIT, §3) as containing the contacts of tangents from the pole. 
The conic polar of a point on a proper cubic and the conic 
polar of the same point with respect to a pro-Hessian™ of the 
cubic intersect in four points of the cubic, namely in the contacts 
of the four tangents drawn from that point to the cubic. The 


* Therefore the conic polars of the same point with respect to all cwbics 
of the syzygetic sheaf pass through the same four points. 
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three degenerate conics through the four points are the conic 
polars of the first point with respect to the three pro-Hessians 
of the cubic. 

This last proposition may be stated in another form. 

TuEoremM. Jf from any point of a proper cubic the four 
tangents are drawn to the curve, the four points of contact are 
vertices of a complete quadrangle whose three diagonal points 
are also points of the cubic. 

In Fig. 21, if AT,, AT,, ATs, AT, are tangents to the cubic, 
the diagonal points D,, D2, Ds, are on the curve, and each 
is corresponding point to 4 with respect to some one of the 
3 pro-Hessians. 


§ 3. Degenerate Poloconics. 


If a line forms part of a degenerate conic polar, its polo- 
conic becomes degenerate. Let a point D lie on the Hessian, 
its conic polar consisting of two lines a, b, cutting the Hessian 


Fig. 22 


D 


respectively in points C’A, A,, CB, B,. What can be inferred 
as to the poloconic of the line a? All points of a are in the 
conic polar of D, accordingly all linear polars of such points 
will pass through D. Therefore the poloconic as the envelope 
of these linear polars must reduce to the point D. On the 
other hand, as the locus of poles of conic polars tangent 
to a, it can only reduce to two lines d,, d,, and these must 
pass through D. Further, as every poloconic is tangent to the 
Hessian in 3 points, D will count as an improper contact, 
while the other two must be proper contacts of d; and ds» 
with the Hessian. Where are these contacts? Call them 
As and A,. Since A; and A, are on the poloconic of a, their 
conic polars must touch a; and since A, and A, are on the 
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Hessian, these conic polars are degenerate, and only their 
double points on the Hessian can count as contacts. As the 
double points lie on @ and the Hessian, they are the points 
A, and A,. Therefore the poles As; and dA, of those conic 
polars are A, and A,, for these points correspond recipro- 
cally. The lines d; and ds are therefore no other than the 
tangents DA, and DA,. (See Fig. 22). The theorem thus 
proven is as follows. 


THEOREM. Every line joining two corresponding points of the 
non-singular cubic has with respect to the pro-Hessian a de- 
generate poloconic consisting of the tangents in those two points. 
The converse is readily proved. Every degenerate poloconic 
of a cubic whose Hessian is non-singular consists of two tangents 
in corresponding points on the Hessian. To display a certain 
duality we may state it in other words: every tangent to the 
Cayleyan has as poloconic two tangents to the Hessian, and 
every degenerate poloconic has its double point on the Hessian 
and a chord of contact touching the Cayleyan. 


Resumk&. As a cubic has three pro-Hessians, so it is associ- 
ated with three Cayleyans. Four tangents from any point 
of the cubic have contacts which fall into pairs in three ways, 
corresponding to the three pro-Hessians, and the three pairs 
of lines joining them two and two are pairs of corresponding 
tangents to the respective Cayleyans; and we have now 
recognized in the three times two pairs of tangents, in which 
the four can be arranged, degenerate poloconics of the three 
systems, 


§ 4. Corresponding points on a cubic are conjugate 
points for all conics of a net. 

Considering a non-singular cubic: (Hx)* — O as the Hessian 
of another: (az)? = 0, two corresponding points of the former 
are defined by the relations:* 


(1) a; (ax)(ay) — 0, ei Ln ae 


* See Chapter ITI, $4, or $1 of this chapter. 


6 
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Using as multipliers for these 3 equations the coordinates f,, 
tr, ts of an arbitrary point, and adding, we have 


(2) (at)(ax) (ay) = 0. 


This may be read as follows: (y) lies on the polar of (vr) with 
respect to the conic in coordinates (2): 


(3) (at) (azy-= 0. 


In other words, (~) and (y) are conjugate points with respect 
to the conic (3), and as the three /’s are arbitrary, the conic (3) 
is any conic of a doubly infinite linear system. Such a sVstem 
is called a net of conics. With respect to the cubic: (ax)? — 0, 
the conics (3) are first polars, and we may say: (7) and (y), 
corresponding points on the Hessian, are conjugate with respect 
fo the net of conic polars. The term ‘conjugate points” on 
a cubic, is more generally used and more significant than the 
equivalent, “corresponding points’. The most important property 
ot pairs of conjugate points is involved in a theorem upon 
conics, due to Hesse.* That theorem, usually made to depend 
upon a property of involutions or of conjugate triangles, can 
be proven quite as readily and directly by the aid of abbrevi- 
ated notation. 


§ 5. Hesse’s lemma upon two pairs of points con- 
jugate with respect to the same conic. 

If two pairs of points 4d’, BB’ are conjugate pairs with 
respect to a conic, then the two pairs of lines 4B, A’B’ and 
AB’, A'B have their points of intersection C, C’ conjugate with 
respect to the same conic. 

Proor. Denote the points by coordinates as follows (Fig. 23): 
A and A’ by (7, 2223) and (&, £83), Band B’ by (y, yey) and 
(41923), Cand C” by (s18283) and (6, 0203). If the equation of 
the conic is: (az)? =- 0 the given conditions are: 


* Orelle’s Journal fiir reine und angewandte Mathematik, Vol. 20 (1840) 
p. 301. See also Reyer: Geometrie der Lage (8rd edition) Vol. 1, p. 220, 
section 166, or Holgate’s translation, p. 215, § 22 of Appendix. An inter- 
esting geometrical proof, with references, is given by HorMANwN in the 
Journal fiir r.u.a. Math., Vol. 102 (1888) p. 175, seqq. 
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(1) (ax)(a&) = 0, = (ay) (aq) = 0. 
(2) ys) = 0, (Sys) = 0; (ayo) = 0, (yo) = 0. 
The theorem to be proven is: (as)(ac) = 0. 
Express by the aid of equations (2) the coordinates of A 


and A’ in terms of the other four points. Let (ys), denote 
the determinant: 


(y283— yss2) — (ys)1, ete. 
Then we find: 
gx1 —= (ys)2(4o)3 — (ys)s(40)2 
(3) ex — (ys)3(W@)1—(ys)1(He)3 (@ a factor of proportionality). 
or = (ys): (9o)2— (ys)o(yo)1 


A(x) Buy) 
oce a 
A(é) B'() Fig.23 


Similarly the coordinates §, § § are expressed. Substitute in (1): 


la, (ys) (46)1 | | am (sr (yo) 
de (ys)2 (y6)2| + jax  (ys)e  (yo)a| = 0. 
as (ys)s. (6)3, | ta (g8)3 (YO)a, 


Multiply these factor-determinants respectively by 


| 1 Y2 U3 | | 1 12 3 | 
S} 89 S3 | and | S1 SQ S38 . 
| (p! 12 7} 1M Y2 Ys | 


The result is: 


(ay) (as) (an) | (a) (as) (ay) | 


Ua a 0 (nys)| + | O 0 (ys). 
(yo) (sno) «0 (gy) (sya) 0 
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Remove the inserted factors (ysy) and (ysy), there remains: 
0 = {(ay)(sqo) —(as)(yyo)} (Ca) (syo) — (as) qy9)}- 


Multiply, and drop the term containing (ay) (a7), which vanishes 
by equation (1). 


(5) O — {(as)?(yyo) + (as) (an) (syo) — (as) (ay) (syo)} - (qy®) 


As the points BB’C’ are not collinear, (yyo) + 0 and may 
be omitted. Factoring out (as), the three terms may be 
thought of as the expansion of the following determmant.* 


(as) Sy S2 S83 | 
| (a ) Uy U2 1/2, | 
) es ye # (as). 
ay) es | 
| 0) O71 O04 03 


Add to the first column the second multiplied by —m, the 
third by —az and the fourth by — as. 
0) St S2 83 
1 Y2 Ys | 
| 0 1 2 13 | 


| al (ao) 01 02 03 | 


(Ol, a0 (as) —= (as)(ae)(syy). 


Or since the points 3B, B,C are not collinear and henee 


(sym) + 0, 
(as)(ao) = 0. q.e.d. 


A shorter statement of the lemma is this: 7 a@ complete 
quadrilateral, af two pairs of opposite vertices are conjugate 
with respect to a conic, the third pair of vertices also must be 
conjugate with respect to that conic. 

Note that the construction fails if any three of the first 
four points are collinear. 


*'The reader not familiar with the algebra of invariants should note 
carefully this step, employing a formal identity of frequent use in that 
theory. 
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§ 6. Schroeter’s linear construction of points on 
a cubic from three pairs of conjugate points. 


Conjugate points on a Hessian are conjugate with respect 
to all conics of a net. If they are conjugate with respect 
to any three which are linearly independent. they are so also 
with respect to all conics of the net in which those three lie. 
By the lemma proven above, it is possible to derive a third 
conjugate pair from two given pairs of points; there however 
the process stops. From A, A’ and B, B’ can be derived C, C’, 
but the same method applied to A, A’ and (,C’ yields only 
B, B'. But if three pairs are given, the process will generally 
be interminable.* Taking the 3 pairs two and two, 3 new 
pairs can be found. Combining these with one another, and 
each with that one of the first 3 from which it was not 
derived, six new pairs are found. This continued derivation 
of new pairs is remarkable as being effected by the aid 
of the ruler alone; it is the simplest possible method of 
geometrical derivation. So far it has not been shown that 
the derived points all lie on a cubic unless the first three 
pairs were expressly given as conjugate pairs on a determinate 
cubic. This partial result may be stated as a theorem. 


THEOREM. Regarding a given cubic as the Hessian of another, 
if there are given three pairs of conjugate points lying upon 
it, no three points lying in a right line, then by the ad of 
right lines alone there can be found in special cases a finite 
number, in the general case an indefinite number of other pairs 
of conjugate points on the same cubic. 

In this it has been assumed, not that all real points of the 
cubie were known, but only that the specified points were 
known, and were certified as conjugate pairs. Suppose how- 
ever that the curve, i.e. its real branches, were completely 


*The process might terminate, owing to special relations among the 
given points, as Hurwirz has shown (Journal fiir r. u. a. Math., Vol. 107, 
pp. 141-7). For example, from 3 of the inflexions and their conjugate 
points could be derived only the remaining six inflexions and their six 
conjugate points, for one of each new pair would necessarily lie on a line 
with two inflexions, and so must be itself an inflexion. 
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drawn, and that this problem were proposed: to determine 
the pairs of conjugate points upon these real branches. In 
this case also Hesse’s theorem would accomplish the solution 
if one pair of conjugate points were known. For if A; and As 
are the conjugate points given, B, and By any other conjugate 
pair not yet found, then (4,, B,) and (Ay, By.) must intersect 
at some point C; on the curve. Conversely if we draw through 
any point C, of the cubic the lines (4;, C\), (de, CG), they 
must cut the curve further in two points B, and B, mutually 
conjugate. (Draw (4,C,) cutting the curve in B,, then the 
line joining A, to the conjugate of B, must also contain Ci, 
therefore B, is conjugate to B,). Think of A; and ds as 
centers about which turn two secants constrained to pass 
through a variable point C,. Then let C, describe the real 
branches of the cubic; the third intersections of the two secants 
with the curve will evidently mark upon it constantly conjugate 
pairs of points. 


THEOREM. Further it can be shown that three perfectly ar- 
hitrary pairs of points, provided no three are in a line, may 
be used as a basis for Schroeter’s construction, and the derivative 
pots will all te on a cubic containing the first three pairs. 

Proor. Designate the given points by Y and Y’, Y and 
Y', Z and 4%’, with coordinates (x), (x’), ete. respectively. 
Determine 3 linearly independent conics such that these three 
point-pairs are conjugate with respect to each one, then every 
derivative pair will also be conjugate with respect to the same 
3 conics, and therefore with respect to every conic of the net 
containing the 38. For the sake of definiteness take tor equation 
of any conic of the net: 


_ (ai? = 8+1,8+1,8 
pi (0 tty ele th 


Impose the conditions of conjugateness in terms of the co- 
ordinates of the six given points: 


(2) (ax) (ax") = 0, (ay)(ay’) = 0, (az) (aze’) = 0. 
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From these 3 conditions, /,, /, and 7; can be determined as linear 
functions of 4,, 42, 43, three arbitrary parameters. The equation 
(1) then containing linearly three parameters, represents a net 
of conics, to which net (by the preceding section) all derivative 
pairs of points will be conjugate. That these points all lie 
on a fixed cubic is now to be proven. 

For the values 4,:4.:43 = 1:0:0, let (at)? become in 
particular (a’4)?. So for (A,4243) == (010) or (O01), call the 
particular forms (at)? and (a@”’A)?. If now (&) and (7) denote 
any pair of conjugate points, the 3 equations are satisfied: 


oe 142) (a 7) — 0) (aE )a"n)' 0, (aS) (a) = 0. 


Eliminating the coordinates (7) from these equations, just as 
in III, § 4, we have a cubic equation for (&). 


e 


aa’s) ala) al) 
o aia’) ala") ala") 0, 
FAs Mees) ag!'(a’"’S) ag'(al's) | 


By eliminating (§) the same equation would have been found 
tor (7). This is the equation of a cubic containing both points 
of every pair conjugate with respect to the net. Hence the 
6 given points and all derivative points lie on a determinate 
cubic. 

By Schroeter’s construction we have seen that 3 pairs of 
points arbitrarily chosen lead to an indefinitely great number 
of pairs, all conjugate with respect to the conics of a net. 
Conjugate pairs on a Hessian had this character. Is then 
the cubic of equation (4) the Hessian of another whose conic 
polars are the net in equation (1)? If this were not so, a 
cubic might contain, beside the 3 systems of conjugate pairs 
of points due to its 3 pro-Hessians, other systems due to nets 
of conics which are not the conic polars of any cubic. That 
this does not occur can be shown now, in advance of the 
direct demonstration of Hermite’s theorem. 


e 
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§ 7. A cubic cannot have more than three systems 
of conjugate points. 


From Hesse’s lemma it follows (VI, $5) that if the points 
of a cubic are conjugate in pairs with respect to a net of 
conies, tangents to the curve in the points of any pair must 
intersect upon the curve. For the second pair may be taken 
as near as we please to the first, and in the limit one pair 
of lines joining the one pair of points to the other will become 
tangents, while the diagonal point at their intersection remains 
upon the cubic. Now the number of tangents meeting in any 
point of the cubic is never more than 4, hence to any given point 
there are not more than 3 having the same tangential point, i. e. 
not more than 3 conjugate points in as many different systems, 
and those 3 relate to nets of conics which are conic polars of the 
3 pro-Hessians (VI, § 3, Resumé). Hence every net of conics whose 
pairs of conjugate points le all on a given non-singular cubic 
must constitute the system of conic polars of one of the 3 pro- 
Hessians of that cubic. (Compare the last theorem in HI, § 6 
and that in III, § 14). 


§ 8 The, conics of a net are conic polars so: 
a cubic. 


The conic polars, with respect to a cubic, of all points in 
the plane form a net of conics. Is the converse true? The 
foregoing sections seem to prove it, since the locus of con- 
jugate points is a cubic ($6), and can contain (§ 7) only 
3 systems of conjugate points; while it has 3 pro-Hessians, 
one of which therefore must have the given net for its conic 
polars. The theorem is however so fundamental that we shall 
give a direct proof. 

If the conics of a given net: 


Ai (ax)? + dy (bx)? + dy (cx)? = 0 


are conic polars of the points (y) of a plane with respect 
to a cubic: f(r) — 0, then the parameters (2) are linear 
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functions of the coordinates of the pole (y). Set therefore: 


dy wir)? + da(ba)® + ds (cx)? 


(1) a en: 0 
= Oy, a) To an 727, ard tv ea | ACS) 
(2) Ay = (ay) = ayy, + ao yy + ag yp, 


dy = (By), Ag = (yy). 
The identity (1) gives for partial derivatives of f(x): 


0 9 2 2 . 
@) = = a;(ax)? + Bilbx)? +yi(cx)?, (i = 1, 2, 3). 


For these to be derivatives of the same function /(7), the 
necessary and sufficient conditions are of the form: 


; af af) 
(4) Oxi oS 0: alt a a BS 


There result the equations following, equivalent to 8 conditions. 


01 (123 a By bog + 71 C23 
re == &2018 + Be big + ¥2Cig = &3 42 + Bs Dio 73 C12, 
05 Arte + Bi Dae + 76 Chex 


= cp tlik —F Bu din + Vi Ciky G, a, 3). 


In these eight equations (5) the nine parameters («), (8), (y) 
are contained linearly: the solution is therefore neither im- 
possible nor indeterminate unless at least all the 8-rowed 
determinants of their matrix become zeros. By an example 
it can be shown that those determinants are not identically 
zero tor every net of conics. Thereupon we shall find what 
geometric conditions are necessary (but not sufficient) to render 
the solution indeterminate. 

If there are in the net two conics not in contact, assume 
those for two fundamental conics, and denote them by: 
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(bx)? — 0 and (cx)? — 0. Referred to their unique self-con- 
jugate triangle they have the equations: 


(b7)? = Dy ate Oy ary Doxa == 0; 
NDE ae alia ee 
(CH)? == \Cyy Zt AP CoQ gg, — 9. 


As these are not in contact, it is certain that 
(6) bos 2 (29 | bss > C385 Dag + C33 = bu : C11; and by Cit { bo» 1 C22. 


Selecting then as a third fundamental conic one whose equation 
contains as few terms as may be, we have: 


(ax)? = aya A 2( Gy, F yyy TP yy, 2p) 


Thus the equations of condition are simplified, and their matrix 
is the following, whose determinants do not vanish identically. 


og = — (113 
(128 — tye 
— thy2 boo C29 
(7) — itis Osx Cag 
— (I19 (41 Iyy C14 
—— 98 bss C33 
oy Uk: C11 bu cn | 
—~ ag boy C29 


It will be possible now to prove this theorem. 

THEOREM. A doubly infinite net of proper conics is the 
system of conic polars of a cubic, and this cubic is neither 
indeterminate nor impossible unless the net contains two conics 
consisting of doubly counting straight lines. 

Proor. It has been shown by the particular matrix (7) 
that the cubic is determinate except under special conditions. 
These indeterminate cases may be considered in two classes: 

(1) where not all conics of the net have contact with 
one another; 
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(2) where all the conics are tangent to one another, and 
of necessity in one common point. 

Cask (1). The equations and matrix above may be used. 
Erasing in succession the first 3 columns, we can factor the 
determinants by inspection. It appears that at least two of 
the quantities do3, (3. dj. must be zero in order that these 
determinants may vanish, and that this is sufficient also to 
make all the other &-rowed determinants of the matrix vanish. 
Take aq; = de; — 0. <A linear combination of the three 
conic equations: 


=< owes Os alg inn ious Coat 2 
a) a Oy Fi 2 Ay, X, My TV Ugg 03 
O = (bx)? = b,,xi + b,.03 + b,,%5 


0 = (cx? = 2 


to be itself a perfect square, and this can be done in two ways. 
Hence in this case there must exist fvo doubly-counting lines. 


can be determined so as to contain no term in Loe and so as 


Case (2). All conics of the net being in contact at one 
point, each degenerate conic of the net consists of the common 
tangent at that point togethef with some other line, unless 
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it be a pair of lines intersecting at the point of contact. 
Let one such have the equation: 


(cx)? i) —— 0) 


where .r, — 0 is the common tangent. For the line 7, — 0, 
take the polar of the point: 7, — 2x. —O with respect to 
any proper conic of the net (Fig. 24), then evidently one other 
conic of the system is given by the equation: 

(qxv)* = 2 — a = 0 (dotted linesin figure). 
Considering now that the polar of the point of contact: 
Xx, == xr, = 0, with respect to every proper conic of the net 
is the line: 1, — 0, we see that a linearly independent third 
conic may be assumed to have the equation: 


From the forms (a)? and (xr)? can be compounded linearly 
two perfect squares; that is, the involution of pairs of rays 
through the point of contact forms part of the net, and 
contains two doubly counting lines.* 

It has been proven, then, that this singular net has all its 
conics in contact, and therefore contains two double lines; or 
otherwise, that the net is always the conic polar system ot 
a determinate cubic except when it contains at least two 
double lines. 

When the quantities («), (8), (vy) of equations (1) and (2) 
are determined either completely or as functions of one or 
more arbitrary parameters, the form @(y, 7) is known, and 
the equation of the cubic is found by replacing (y) by (@) in 
equation (1): 


0 = W(x, x) = (ar) (ace)? + (Bu) (bx)? + (ye) (ex)? 


0 a) a) : Sur 
oa + ae pes Oxy S() aoa 3f (x). 


*Jn this case the solution of equations (5) is generally impossible, but 
in a special case possible and indeterminate, when one double line coincides 
with the tangent, or when the two double lines coincide. 


VI,8 CUBIC DETERMINED BY POLARS 93 


Convenient statements of the theorem of this section are 
the two following.“ 4 cubic is given by any three of its conic 
polars not contaimed m one sheaf. Any three conics with no 
more than three common points are polars of a cubic. The 
examination of indeterminate cases has verified this further 
corollary: Jf the net of polar conics of a given cubic contains 
two or more degenerate conics consisting of double lines, then 
and only then does the same net of conic polars belong to an 
indefinitely great number of other cubics. 

* This theorem was enunciated, without limitation and without proof 
by Hermite in the Journal fiir r. u. a. Math., Vol. 57 (1860), pp. 373-4. 
Formal proof was furnished by GUNDELFINGER in the same Journal, Vol.80 
(1875), pp. 73-85. 
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CuHapter VII. 
Generation of the cubic by the methods of Chasles 
and Grassmann. Other methods. 


§ 1. Chasles’s derivation of a cubic from projective 
sheaves of lines and conics. 


If there be a sheaf of conics and a sheaf of lines projectively 
related, the intersections of each line with its corresponding 
conic le in a cubic. Let the conics and lines respectively 
be given by the equations: 


(aar)*+ A(ba)* = fag = 0, 
(Ax) on (Bx) = yy yb Vie Oe 


The sheaves are projectively related when the values of 4, 
are connected by a lineo-linear equation: 


Aw + pa + qu-+r = 0. 


From these 3 equations, required to be satisfied simultaneously, 
eliminate 2 and w. The result is: 


(ax)? (Ax) (ax)? (Ax) 
(bx)? ° (Br) ” (br)? 2° (Br) 


or this: 


(ax)? (Ax) — p (ax)? (Bx) —- q(bax)?(Ar) + r(bar)?(Bxr) = 0. 


Five points of this cubic are immediately seen to be the 
centre of the sheaf of lines: @ == w= 0, and the four 
fundamental points of the sheaf-of conics: f= g—0. For 
one conic of the sheaf passes through any one point in the 
plane, hence one passes through the centre of the sheat of 
lines and meets: there its corresponding line. And a line that 
passes through any one of the 4 points fundamental to the 
sheaf of conics must meet there its corresponding conic. 
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The relation of 2 and w is simplified by a different repre- 
sentation of the sheaf of lines. We have 


a eats 
fu + p 


If now we set 9 = py’'—ry’, w = g’—qy", we find: 


gtuey = (wtp)ye’ —qtr)y’. 


The line: » + «wy — 0, is equally represented by: 


The two sheaves are now given by the equations: 


hi aeeg a= 


Cee ge = 0: 


The cubie has also a simpler form: 


Ss 
eae 
~ 
ond 
~ 


From this it appears that the same cubic is given by the 
modified equation: 


Pan come sgl 2S oa 


/ 


; 0. 

| —~ w 
where / is an arbitrary linear form, 17 = ha + lay + dgay. 
The cubie is accordingly also the locus of intersections of 
corresponding members in two new sheaves: 


(ftig’)+4g+ly’) = 0, and 
gy’ +i’ = 0. 
That is to say, the sheaf of lines remaining fixed, the sheaf 


of conics can be replaced by any one of a 3-fold infinity of 
other sheaves; for /;, /2, 73, are arbitrary parameters. 
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THroreM. Jf a sheaf of conics and a sheaf of lines are 
related projectively, the points im which each conic itersects 
its corresponding line lie upon a curve of third order. The 
cubic remaining the same, for the sheaf of conics may be 
substituted any one of a 3-fold infinity of other sheaves of conics. 

This construction gives all possible proper cubies. Suppose 
a cubic given, whose equation shall be #’— 0. To show that 
it can be generated by the method of Chasles, we choose 
arbitrarily either (1) four points of the cubic to be fundamental 
points of the sheaf of conics, or (2) one point for centre of 


“ 


the sheaf of lines and three fundamental points for the conies; 
then we need only to apply the theorem (II, $ 3) that if 
a cubic contain 8 intersections of two other cubies, it contains 
also the ninth. 

(1). Upon the cubic: # == 0, select-any 4 points, A,, A;, 
As, Ag (Fig. 25).. Denote by f= 0, g =0 any two conics 
through these 4 points, then f+ 4g — 0 is any other conic 
of the sheaf. Let the pairs of other points in which the cubic 
is met by conies f and y respectively be denoted by B,, Bs 
and Ci, Cs. Produce the. line (B;, Bs), ( 0) to meet the 
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' 
cubic again in P, then the line (C,, Cy), (Ww = 0) also must 
contain P. For beside the cubic: “= 0, there is a second 
which contains the 9 points A, Ay A; A, C, C; B, By P, viz. the 
degenerate cubic: gp — 0. All except P lie by construction 
upon a third cubic: fw = 0, hence this third cubie contains 
also the ninth point P. But as the conic: f= 0 contains 6 of 
these points, P must lie on the line wy — 0. Therefore every 
member of the sheaf of conics meets some member of the 
sheaf of lines through P in two points of the cubic. It is 
to be shown that the two sheaves are projectively related 
in such a way that corresponding members intersect on 
the cubic. 

Let any third conic have the equation: f+ 4,9 = 0, and 
let the line of the sheaf P which meets it on the cubic be 
given by: gy+u,y = 0, where «, = cd,. The two sheaves 
will be projectively related if we make correspond, for every 
value of 2, the two members: 


fig = 0, ptehy = 0. 


And these corresponding members intersect on a cubic which 
must coincide with the given cubic, since they have in 
common 11 points: 4 fundamental for the conics, 1 for the 
lines, and the 3 pairs given by the values 4— 0, A= 1,,4=@ 
(il, § 3). 

(2) Select arbitrarily upon the cubic the points P, 4,, As, 
and A;. Let the line: » = O through P cut the cubic in 
B, and Bz: these two points together with A,, As, As determine 
a conic: f= 0, and that conic cuts the cubic in a sixth point Ay. 
Any conic: g = 0 through Ai, As, As, Ay (Fig. 25) meets the 
cubic in 2 points, as Ci, Co, whose join line: yw — 0, must 
pass throngh P. The rest of the argument is the same as 
in case (1). The following theorem is thus proven. 


THEOREM. Any given proper cubic can be generated by the 
method of Chasles; and of the 5 fundamental points, 4 for 
the sheaf of conics and 1 for the sheaf of lines, any 4 may 
be taken arbitrarily upon the cubic, provided no 3 fundamental 
points for conics be taken collinear. 


7 


OS PLANE CURVES OF THE THIRD ORDER 


§ 2. Three projective nets of lines generate a cubic. 


In Schroeter’s construction for points of the cubic curve 
(VI, § 6) there are concerned 3 conics. To every point of 
the curve there is related a second point, that in which its 
three polars with respect to the three conics intersect. Or 
we may say: to every point of the plane we determine three 
polars, all these polars constitute three projective systems 
or nets of lines, and the points which are common to three 
corresponding lines constitute a cubic curve. Now instead 
of polarity with respect to a conic we may employ skew 
reciprocity. To every point (vy) of a plane there shall corres- 
pond a line in each of three skew reciprocal systems, whose 
equations may be written: 


yr (ax) + Yo (a'ar) + ys (a"x) = 0, 
yr (bx) + yo (b'x) + ys(b"x) = 0, 
yr (cx) + ys (c'a) + ys(c"x) = 0. 


These 3 lines will generally not have a common point. When 
they have a point in common, the 3 equations are simul- 
taneously satisfied, and (y) may be eliminated. The locus of 
the common point (7) is thus found, a cubic having the equation: 


| (ax) (a’x) (a”x) | 
(1) (bx) (b'x) (Oa) = 0. 
(ex) (e'x) (ez) 


If we seek the locus of points (y) whose 3 corresponding 
lines have a common point, that too is a cubic: 


Uy iA 
| Yi t+ aYy2+ a4 Y3; A2Yi + 2y2+ ay Ys, A3yi +asye+ as ys 
’ | ] aA 
(2) | Diy + Diy by ORME pre CROMRORE UAL. Gale y Recados eevee Ok eae 0. 
| 441 7 C1Y2 -- C1Ys © Bee GUNS W Tal wl syle Hea cay A owe Tat A) hea Ten oes ee aS 


In Schroeter’s construction these two cubics, (1) and (2), were 
coincident, and a point (7) of the one with a point (y) of 
the other constituted a pair. As (x) moved, describing the 
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entire curve, (y) also moved describing the entire curve, and 
the two never met unless the curve had a singular point 
(III, § 5). Here however the two curves are generally not 
the same, instead of a double locus there appear two single 
loci in a One-to-one point correspondence. 

The equations for the skew reciprocities and for the cubics 
can be abbreviated if we write for a;, A,a;; tor aj, Asai; 
for aj’, Asa;; and similarly for coefficients (b), (©). For the 
reciprocities the relations become: 


(Ay) (ox) = 0, (By) (bx). = 0, (Cy) (@) = 0, 
and the cubic equations are respectively: 
(1) (ABC) (ax) (bx) (cr) = 0, 
(2) (abe) (Ay) (By) (by) = 0. 


THEOREM. Three skew reciprocal relations determine in general 
two cubics, each point on the one being the pole of three lines 
which intersect in a point of the other. 

This mode of generating a cubic can be looked at differently, 
namely as a relation between two sheaves of conics. All 
values (7) that satisfy the equation (1), otherwise written thus: 


A,(axv) As(ar) Ag(az) | 
(3) | B, (bx) Be(bx) Bs (bx) | ==.) 
: | 

| Gy ker) C3 (cx) C3 (cx) | 
must make the constituents of the first row proportional to 
a linear combination, with constant coefficients, of the other 
constituents in their respective columns. That is, at every 
point (x) of the curve will vanish, for some value of 2, the 
3 determinants of the array: 


| A, (ar) Az (ar) A; (ax) 
4) | B, (ba) +2C, (cr) Bs (bx) +4Ci (cr) Bs (br) +40; (ex) | 
Ws 


115348 
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Such points (7) will be necessarily intersections of conics 
given by the same value of 2 in the two sheaves: 


A\(axr)  As(azx) | | Ay (ax) A; tazy) 
Ptal |= 0 and 
B62)" JB(0x)) | C, (cx) CoB) 
A, (av) Ag (aa) | Ay (ar) As (ax) | — 
\Bitbz). BiGan Ce). “Crease 


Equations (5) are satisfied also, however, by certain points 
. . aS 

that do not reduce to zero the third determinant of the 

matrix (4), namely by points satisfying two linear equations: 


(6) A, (ax) = 0 and-B, (62%) +144 (ax) = 0 (A variable), 


i.e. by all points of the line: A, (ax) = 0. 

Conversely all intersections of corresponding conics in the 
two sheaves (5) will satisfy the cubic equation (3), except 
the points of the line: A, (ax) = 0. Of the four fundamental 
points of each sheaf (5), one lies on this line, ‘the others not. 
The locus of intersections of corresponding conics in the two 
sheaves would be a quartic but for this special feature, viz. 
conics that correspond have one intersection always upon the 
line joining a certain fundamental point of the one sheaf to 
a certain fundamental point of the other. In general the 
following theorem is readily proved. 


THEOREM. Jf a line be drawn joining a fundamental point 
of one sheaf of conics to a fundamental point of a second 
sheaf, but not containing any other fundamental point, then 
the two sheaves can be related projectively by taking as corres- 
ponding conics every pair that intersect each other on that 
joing line, and the locus of other intersections of such pairs 
will be a cubie passing through three fundamental points of 
each sheaf. The converse theorem is also true, that all proper 
cubics can be generated in this way, as will be proven when 
the fundamental theorem on residues has been established. 
(Chapter VIII). 
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§ 3. Contacts between lines and conics of two 
sheaves. 

Given a sheaf of lines: (px) + (qr) = 0, and a sheaf of 
conics: (ax)? + 2(bx)® = 0. Each line is tangent to 2 conics, and 
each conic to 2 lines. The locus of points of contact is a cubic. 
Every contact must be considered as two intersections, and the 
locus of intersections will first appear as a sextic; whence if 
each contact be counted as a single point, it will be a cubic. 


Fig. 26 


Lines (jc) that touch a conic (A) satisfy the condition: 


| Ur+ Abi. tetAbis ds + Adis pr en | 
(24 5 d Doy (la. - ji Do» (23 -L Ass pe Lk {42 | 


fig, + ADs, = s2-+ Abss 33 + A0ss Ds — Hs | 


| 


Piven Dov #2 Ys Ys 0) 


102 PLANE CURVES OF THE THIRD ORDER 


In this if we insert the values of 2, w in terms of (x), the 
coordinates of the contact, the equation becomes: 


arb)? — by (ar)*, dra(br)?— dys(ax)’, 
13(bx)?—Dy3(ax)’, Dri(guy—q (pr), 
| dy2(bx)?— by (ax), d22(bx)P?— bsalae)”, j 


! 
= 


ai3(bx)°— b13(ax)? 


prlgx) — m1. px) SSeice ies rac Ae bs 
ps(qx) — 43(p), 0 


To reduce this, multiply for example the third column by .7s, 
and add the first multiplied by «7, and the second by 3; 
then operate in the same way on the rows. Three constituents 
vanish identically so that four zeros fill a square in the lower 
right hand corner, and the equation takes the form: 


(ee | ay (ax) (bar)? — b, (bx) (ar)? as (ar) (bx)? — bs (bx) (ar)? | ca 
| 3 | pr (qr) — G1 (pr) ps (qr) — G2 (pr) | ee) 


This confirms the assertion that the locus is a doubly counting 
cubic. 

Each line of the sheaf meets this locus at its two contacts 
with conics, and again in the centre of the sheaf of lines. 
Each conic meets the locus at its two contacts with lines, 
and again in the four fundamental points for conics; for it 
is easily seen that the locus passes through the fundamental 
points. 

This mode of generation is equivalent to that of Chasles 
(VII, § 1). The contacts of lines from the centre (y) to 
a conic: (ar)?+2(br)? = 0, lie on the polar of (y), whose 
equation is: (ay) (az) + 4(by) (bz) = 0. All these polars con- 
stitute a second sheaf of lines with centre (y’) at the point 
where (ay) (ay') = (by) (by') = 0, and this sheaf is projective 
to the sheaf of conics,——exactly the necessary data for Chasles’s 
method (Fig. 26). And from the latter can be determined 
the former sheaf, for the two centres are conjugate points 


VII, 4 GENERATION OF THE CUBIC 103 


with respect to all conics of the sheaf. Hence we conclude, 
as in (VII, § 1), the following theorem. 

THEOREM. Every proper cubic may be described as the locus 
of contacts of the conics of a sheaf with the lines of a sheaf. 
The fundamental points of both sheaves are on the cubic; and 
of these five fundamental points, four may be taken arbitrarily 
upon m given cubic. 


§ 4. Sheaves of lines in a (2:2) correspondence. 

In the construction discussed in § 3 two sheaves of lines 
were considered as meeting the conics of a sheaf; the one 
a sheat of polars, the other a sheaf of tangents. We may 
omit the conics and determine the cubics by intersections of 
each line of the one sheaf with two corresponding lines in 
the other. Each polar has as corresponding lines the tangents 
to its conic; and each tangent, since it touches two conics, 
has as correspondents the two polars taken with respect to 
those conics. One singularity must be noticed: the conic 
through the centre of lines (Fig. 26), will have the same line 
(y. y’) tor tangent and for polar of (y) simultaneously, hence 
this one line must be self-correspondent in the two sheaves. 

To construct such a correspondence ab nitio, take two sheaves 
of lines with different centres, in a two-and-two correspondence, 
with one self-corresponding ray (in the so-called half-perspective 
position relatively to each other). Denote this singular ray by: 
(ax) == 0, and the two sheaves respectively by 


(1) (ax) +A2(br) = 0 and (ax)+u(cr) = 0. 


Determine a (2:2) correspondence by a quadri-quadric equation 
between 2 and yw, such that to 4 = 0 will correspond w = 0: 


(2) PQ, ») = Fo A?*w? +2 FeV + 2h dwt 4h yhwt... 
+ Biyod + Foie = 0, 


(the coefficient /y) being necessarily taken as zero). Between 
(1) and (2) eliminate 2 and w. The result is evidently of 
degree 4 in (x), but contains a factor (wr); that factor being 
omitted, the other factor gives the cubic locus. It has been 
shown that every cubic can be generated in this way, since 


104 PLANE CURVES OF THE THIRD ORDER 


this is exactly equivalent to the method of § 3, and indeed 
it is plain from the fact that we have here 9 constants at 
our disposal, 2 in the choice of centres (y) and (y’) upon a 
given cubic, and 7 in the coefficients #, in (2) after setting 
Loo = 0. 

THEeoreM. If two sheaves of lines are in a (2:2) correspondence 
such that the vay joining their centres 7s self-correspondent, 
then the points where corresponding rays intersect (exclusive 
of points on the self-corresponding line), will le on a cubic; 
conversely every cubic can be generated in this manner. 

A special case of such a correspondence is that in which 
corresponding lines are tangents from the two fixed centres 
to the same conic in a system of conics touching four fixed 
lines, e. g. in a system of confocal conics. 7 


§5. Centres of involutions of rays through six points. 

Two pairs of points being fixed, the locus of a variable 
fifth point from which the four are projected by an harmonic 
pencil is a conic. For a cubic a similar definition is given 
by the use of the term /nvolution. Two pairs of rays in a 
sheaf (or two pairs of points on a line) have always a common 
harmonic pair. If now a third pair of the same sheaf (or 
range of points) is divided harmonically by the same common 
pair, it is said to be in involution with the first two. In 
short, three pairs of rays in a sheaf form a pencil in involution 
if any other pair divides them all harmonically. To apply 
this notion, let three pairs of points: A, A’, B, B’, C, C’, be 
fixed arbitrarily in a plane. From eyery point Y of the plane 
project these points by three pairs of rays. The locus of 
points Y in which the three pairs of projectors form pencils 
in involution is a cubic. 

At first sight it would seem that 12 arbitrary constants 
are involved, 2 in the choice of each of the 6 points, whereas 
only 9 constants are required to determine a curve of the 

“This mode of generating a cubic, suggested by SrrineR, is used as 
the definition of a cubic by ScuroErer in his Theorie der Kurven dritter 
Ordnung (Leipzig, Teubner, 1880). 

y See Schroeter’s work cited above, p. 16. 
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third order. We must expect to find therefore that these 
3 pairs are members of a simply infinite system of pairs of 
points; and that any center which projects 3 pairs by rays 
in involution will project all the other pairs by rays in the 
same involution. If this true, we shall have not 12 but 9 actual 
constants. The 6 points themselves evidently lie on the locus, 
since one ray through such a point is indeterminate; it would 
be the tangent to the locus at that point, and may be taken 
arbitrarily as the sixth ray of the pencil in involution deter- 
mined by the rays joining it to the other fixed points. 

To find directly the equation of the locus, we shall use 
most easily Clebsch’s method of bordering a binary abbreviated 
formula. Instead of demonstrating the method in its generality, 
we shall give the complete details of this particular application, 
from which then a general statement and proof might be 
built up. First we consider an involution of 3 pairs of points 
on a line, determining the formal relation among their coor- 
dinates. Secondly we apply this result to the pencil of rays 
X(AA’, BB’, CC’) which join a variable point to 3 pairs of 
given points, and show thus that this locus of centres of 
involution is a cubic. 

1. Let the coordinates (or parameters) of 6 points on 
a line be (a@1:@2), (@{:«5), (81:82), etc., denoted by (@), (¢’); 
(8), (8'); (), VY’). Tf they are in involution, call the common 
harmonic points (7) and (¢’). For harmonic division the con- 
ditions are: 


(at) (a’t’) + (at’) (@'t) = 0 where (af) denotes (a, tz — a t,), 
(Bt) (B’t’) + (8t’) (8’t) = 0, 
yt) (7't) +t) (7D) = 0. 


Expand these conditions, and eliminate the quantities Aa, 4.1 
+ tt{, and tot. 


2 at, 4 Oty 03 +- Cj Oy 2 Oty 
(1) | 28; By B; Bs + Bi Be 2 8.8, | = 0. 
ir Hisense 27272 | 


To simplify the reduction, consider that this is identically the 
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result of 3 polar operations upon a well-known determinant; 
namely it is expressed by: 


0 0 0 0 0 
, (ore , leah 
oA, Re 5 (ai ayer FB: a (7 O71 mie OY2 
we (ty «es | 
| Bi BiB. B2| = 0. 
Vo Fale 


Reducing the determinant and abbreviating the operators, 
we have this: 


(« ‘el td aa (" ae («B) (ey) (By) } = 0. 


Carry out now the operations. The result is a sum of 8 terms, 
again susceptible of simpler form. 


| (6B) (7) BY) + (eB) (BY) 
) 


(2) + («8") (e'y) (By) + (@B') (e'7’) (87) 
; | + (@'B) (ey) (B'V) + (@'B) (47) (87) 
+ (#8) (cer) (Br') + (eB Ver" V(BN 
This condition can be expressed in determinants each of 
which shall contain (e. g. like (@8’)) the coordinates of one 
first point and one acco point from their respective pairs. 
Two terms are already such, and one factor in each of the 
other terms. Since now identically 


(@B) (B'y") = (@B") (By") + Cay’) (BB) 
the equation (2) becomes: 
[ (er) [(e8")(By") + (a7) (8'8)] 
+ (B'y) [(@e’) (By) + (ax’) (a'B)] ne 
| + (@8") (@'y) (By’) + (eB) [ (eB) (7'7) + (@'7) (By) 
+ (@"B)[ (a0 8") 7") + Cay’) (8'y) | + (eB cee fa 


==); 


Ss a ae 


+ (By') [(@"«) (B'y) + (a!) (a8) ] 
+ (uy') [(@'B) (By) + (@'y) (88’)] 
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Cancel 6 terms, and remove the factor 4. 
(3) (ay") vB’) (Bee’) + (a'y) (7'8) (B’a) = 0. 

This equation (3) ts one of the simplest possible expressions of 
the involutory position of six points upon ua line, or of six lines 
im a sheaf; the coordinates of the three pairs of points or lines 
being («), (@’); (8), (8); and (7), (7’). 

2. Let two lines of reference through the variable point X 
or (x) have the coordinates () and (q), so that (px) = (qx) = 0, 
and by solution: 


Ty i0yity = (Poqs):(psqi): (pei de) Or (pgs: pgs: (pg)s 
Of the 6 given points in the plane, denote the coordinates 
by (a), Ca’); (b) (b'); (©), (c'). The equation of the line (X, A) 
in running coordinates (y) is 

(qa) (py) — (pay(ay) = 9, 
so that in the sheaf Y we have for parameters of this line: 
06420, = (pa):(ga) 
and for the other five similarly: 

(pa’):(qa’); (pb):(qb), (pb): (Gb); Cpe) (ge), Cae): ae’) 
These values are to be substituted in equation (3), the condition 
for an involution. Consider the factor («y’) of the first term. 
(ey) —= (pa) Ge) — (pe) (ga)] 

= (pg) (ac), + (pqs (aco + (pas (ac)s 
xy (ac), + x2(ac’)o + x3(ac’)s (rac). 
The factor (ay’) is replaced by the expression in ternary 
coordinates (ac.x). This replacement is the bordering process 
introduced by Clebsch for passing from the binary domain to 
an invariant condition for a variable point or line (x) in the 
ternary domain.” 


* See Cayley’s paper in Liouville’s Journal de Mathematiques, Vol. 9, 
p. 287; and Hesse’s Rawm-Geometric edited by Gundelfinger, (1876), p. 106. 
Compare Schroeter’s discussion in the Journal fiir ry. u. a. Mathematik, 
Vol. 104, p. 71. 
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Completing the replacement, we have the desired equation: 
(4) (xac’) (acb’) (aba’) + (xa’e) (ac'b) (aba) = 0. 


Equation (4) represents the locus of a point (x) from which 
three, pairs of arbitrary points (a), (a’); (d), (0); (0, (C+) in the 
plane are projected by a pencil of rays in involution. That 
locus is therefore a curve of the third order. 

’ Schroeter’s linear construction (VI, § 6) of points of a cubic 
from three pairs of corresponding points gives points upon the 
locus here determined. For if a point be taken at the inter- 
section of lines (4, B’) and (B, A’), then the pair of rays YA, 
XA’ coincides with the pair VB’, YB, and the pair XC, XC’ 
is certainly divided harmonically by a pair of rays harmonic 
to YA, YA’. This locus contains therefore all points derived 
from the six by Schroeter’s linear method, whence we have 
here again a direct proof that those points lie upon a cubic. 


§ 6. Grassmann’s method of generating a cubic, 
and its connection with Schroeter’s. 


Three fixed points and three fixed lines can be used for the 
determination of a cubic. To each point shall be assigned 
one particular line. Denote the points by 4, B,C, and the 
lines assigned to them respectively by a’, b’,c’. From any 
other point V draw lines YA, VB, YC, and let YA meet a’ 
in a point Q, also let YB, XC meet 0b’ and c’ respectively 
in &,S. Usually Q, R and S will not lie in a straight line, 
but for some positions of Y they will be collinear. The locus 
of pots XY which make Q, R, and S lie in a straight line is 
a cubic. 

THEOREM. Jf a point moves in a plane in such a way that 
the lines goining it to 3 fixed points meet respectively 3 fixed 
lines in three collinear points, the point describes a cubic. This 
is Grassmann’s method of describing a cubic.* 


*“H. GrassMAnN: Ueber die Erzeugung der Curven dritter Ordnung ete., 
Journal fiir r. u. a. Mathematik, Vol. 86 (1848), pp. 177-182. Also, Grund- 
zlige zu einer rein geometrischen Theorie der Curven ete., ibidem Vol. 31 
(1846), in particular p. 125. 
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Denote the coordinates as follows: the point by (14X22), 
A by (A: 4243), B by (B,BsBs), C by (C,C2C,), the line a’ by 
(a,d2d3), b’ by (dibebs) & by (coc3). Abbreviate the deter- 
minants as heretofore (§ 5), and denote the coordinates of 
the point where XA intersects a’ (Fig. 27) iu a similar way 
by (WwA)a):, ((vA)a)o, ((vA)a)3; that is, let (7A)sa3— (xA)auto 
—= ((vA)a),, ete. The condition which makes Q, R,S collinear 
will be expressed thus: 


| eA) a), ((xA) a).  ((vA)a)s 
(1) | (@B)b), ((eB)d)s (BY), 
H(@C)e), (0) 0s (aC) 0) 


= 0. 


This equation is of degree 3 in the coordinates (x), the curve 
is therefore a cubic. Grassmann points out in the diagram 
(Fig. 27) a plain rea- 
son for this: the figure 
is constructed solely 
by the use of right 
lines and points, and 
exactly 3 variable 
lines of the figure 
are required to con- 
tain the point YX. 
Nine points of the 
locus are found by 
inspection. First the 
pomts A, B,C; for 
if X coincides with A, 
the direction XA 
is indeterminate, so that Q may be taken arbitrarily where 
SR (i.e. B’C”) meets a’. Secondly, the points A’, B’, C’, in 
which the fixed lines a’, b’, c’ intersect; for if XY coincides 
with A’, the points R and 8 must coincide with A’, while 
Q will remain distinct, so that QA’ contains both & and 8. 
Finally, the points A”, B’, C”, lie on the locus, points in 
which corresponding sides of the fixed triangles intersect; 
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for if Y coincides with A”, all three points Q, &, S come 
to lie on the right line BC. These 9 points are sufficient 
to determine the cubic completely, for a particular cubic con- 
taining 8 of them does not contain the ninth (II, § 3); viz. 
the lines A” BC, A’ B'C", and A’B'O" constitute a cubic through 
8 of the 9 points, but do not contain 4, the ninth. 


Compare this with Schroeter’s linear construction, considering 
as pairs of corresponding points A, A’; B, B’; and C,C’. 
We see that the first operation would give points A”, B” 
and C’”, and therefore all later derivative points would lie on 
the cubic passing through these 9. But for further verifi- 
cation, notice that also the point B’” where AC’ meets A’C 
is found from both descriptions: from Schroeter’s, as the 
point corresponding to B”; and by Grassmann’s, because C” 
and A’ lie already on the line 0)’, upon which A is to be 
found by drawing B’’B. For in this way also a cubic would 
be determined passing through the same 12 points, 4 BC 
ACR SC eB. Of AGRE VC. 


THEOREM. The two fixed triangles employed in Grassmann’s 
generation of the cubic have for vertices points which corres- 
pond in pairs in Schroeter’s construction of the same cubic.* 

Moreover since in Schroeter’s construction two points of a 
pair are interchangeable, so in Grassmann’s diagram it must 
be possible to interchange 4 with A’, or B with B’, without 
altering thereby the locus of the point Y. Hence from the 
3 pairs of points required by Schroeter we can arrange 4 pairs 
of triangles for Grassmann’s method, and in each pair we 
may take the vertices of either one and the sides of the other. 
Accordingly with the 6 fundamental points of a Schroeter’s 
generation of the cubic are associated 8 ways of generating 
the same cubic by Grassmann’s method. 

These latter statements are of elementary character. They 
can be verified by the reduction of equation (1) to a suitable 
form, as we shall see directly. 


* This connection between the methods of Grassmann and Schroeter 
was explained by Clebsch, Math. Ann., Vol. V (1872), p. 424. 
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§ 7. Identity of Grassmann’s cubic with the locus 
of centres of involutions. 


In equation (1) (VII, § 6) the line coordinates (a), (0), (0) 
may be replaced by equivalents in terms of the coordinates 
of the vertices: (A’), (B’), and (C’) in Fig. 27. 


a; = (B'C’):, bi = (C'A")i, Ge = (A'B'):, i = 1, 2, 8). 


Thereupon the determinant equation is seen to contain the 
factor (A’B’O"). Removing this, it is easy to bring the 
equation into the form: 


(1) (@BC’)(@CA’)(@AB’)-+ (e&B'C)(xC' A) A'B) = 0. 


But this is identical with the equation (4) (VU, § 5), which 
gave the locus of the variable centre (x) of a involution of 
lines through 6 fixed points 4, A’; B,B’; C,C’. Hence a 
theorem. 


THEOREM. Jf three fixed points A, B, C, and three corres- 
ponding fixed lines B'C’, C'A', A’ B’ are used by Grassmann’s 
method for the generation of a cubic, then from every point X 
of that cubic the rays drawn to A and A’, to B and B’, to 
C and C’ constitute respectively three pairs in involution. 

From the fact that the two equations, which we may 
call the involution equation and the Grassmann equation, are 
identical one can see that one way of generating a cubic by 
Grassmann’s method gives rise to 3 other ways; for in an 
involution each pair of elements may be named in either order, 
or in 8 arrangements as first and second. Correspondingly 
of course equation (4) of § 5, Ch. VII is only one of four co- 
ordinate normal forms in which the condition of involution 
can be expressed. 

From this same equation (1) may be inferred Schroeter’s 
construction of points; for the equation is satisfied if X is 
on the two loci: 


GBC) = 07 we C) = 0; 


in other words, the intersection of lines BC’ and B'C is on 
the curve; and so for two other pairs of cross lines between 
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pairs of points. To see that the intersection of lines BC 
and B’C’ is on the curve we must reduce the equation to 
the form: 


(la) (#BC)(cC' A')(a#AB') + (@B'C’)(xCA) (2 A’ B) = 0, 


another of the 4 coordinate forms referred to above. 

Schroeter’s construction and Hesse’s lemma call attention 
explicitly to the complete quadrilateral, and upon a property 
of that figure would be based a purely geometrical treatment 
of the cubic. “It is 
well known that the 
lines of a complete 
quadrangle cut any 
secant in six points 
in involution. Du- 
ally, the three pairs 
of vertices of a com- 
plete quadrilateral 
are projected from 
any point by six lines 
in involution. Now 
in the diagram 
illustrating Grass- 
mann’s method (Fig. 28), the 3 sides of one triangle 4’B’C’ 
together with the variable straight line QRS constitute a 
complete quadrilateral, hence the rays VA and VA’, VB and 
XB’, XC and XC’ form a pencil in involution. This may 
be taken here as a geometrical explanation of the identity of 
the three principal modes of generating cubics treated in the 
foregoing sections. 

Of the three constructions of Chasles, Schroeter and Grass- 
mann, the last is simple, continuous, mechanical; the second 
has the advantage in simplicity, but does not give continuous 
series of points; while the first is inferior to both as regards 
simplicity, but is more readily applicable when a curve is 
given by data all of one kind, e. g. by nine of its points, as 
we shall see later. 
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CHAPTER VIII 


Residual systems and corresidual systems of 
points on a cubic without double point. 


§ 1. The number of arbitrary points upon a cubic 
through which a curve of order n can pass. 

Curves of the third order have a property which has no 
analogue in the geometry of straight lines or of conics, but 
which is found in curves of all higher orders. Consider one 
curve as fixed, and a second curve, variable, intersecting the 
first; then the points of intersection may vary in position 
upon the first curve. If the fixed curve is a cubic, and the 
order of the variable curve is n, there are 3n points of 
intersection. All of these may vary simultaneously, or some 
part of them may remain fixed while the rest vary. What 
is the least number of intersections that can vary while the 
others are stationary? Is that least number the same for 
all values of m? On a straight line the intersections of a 
curve of the n-th order are given by the roots of an n-ic 
equation, and any one root may be varied while the »—1 others 
are left fixed. The same thing is true on a given conic. But 
if the fixed curve is a cubic, we have seen in Chapter II, § 3, 
that if 2 — 3, then 8 of the 9 intersections will determine 
the one remaining, the ninth. In other words, not less than 
two of the nine intersections can vary while the rest are 
stationary. 

There are certain general propositions to be proved about 
systems of points where a fundamental cubic curve, not de- 
generate, can be intersected by a curve of any order n. Such 
propositions constitute the geometry of point sets on a cubic: 
or more briefly, the geometry on a cubic curve. For convenience, 
any 3n points in which the cubic is cut by a curve of order 7 
(proper or degenerate) are called a complete set of points on 
the cubic, while any set not complete is called partial. Any 


8 
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complete set of 32 points, when 2 > 2, is related not to a 
single curve of order , but to an infinite system of such curves. 
For if f(~) = 0 denote the cubic, and /'(7) — 0 any curve 
which cuts on the cubic a complete set of 3n points, then 
any other curve represented by the equation 


O(a) = F@) + M@)-f@ = 


where M(x) denotes any polynomial of order 1—3 in 7, 72, 73, 
will cut out on the cubic the same complete set; for whatever 
point renders f(x) — 0 and F(~) — 0 will also make O(v) — 0. 
As the factor M(x) contains (2 — 2)(m— 1)/2 or N terms with 
arbitrary coefficients, this is a system .V-fold infinite. 

The converse of this statement is also true, and is a theorem 
of prime importance. Jf two curves of the same order, F(x) = 0 
and M(x) — 0, intersect the cubic, f(x) = 0, in the same 
complete set of points, then F(x) can differ from some numerical 
multiple of D(a) only by a polynomial containing f(x) as a 
Sactor. 

This can be proved independently, but is more conveniently 
included as a particular case in the much more general theorem: 

If the points where a proper cubic is intersected by a curve, 
Filz) = 0, are all included in the set of points where the cubic 
is intersected by a second curve, Fn(x) — 0, of the same or of 
a higher order, then the equation of the second curve can be 
compounded linearly from those of the cubic and the first curve. 
That is, if the cubic equation is y(7) = 0, then there is an 
identical relation 


En{x) = Am—n(x) «fn(xe) + Bm—s(a) - pa). 


The proof of this theorem requires a lemma which is the 
direct extension of that proved at the outset of § 1, Ch. II. 
As it is demonstrated by exactly similar argument, the 
statement will be sufficient. 

Lemma. If a curve of order n intersects a straight line in 
n-+1 points, the equations being respectively fm(a) — 0 and 
(x) = 0, then the line forms part of the curve, and there is an 
identical relation exhibiting las a factor of f: f(a) = M(a)-1(x). 
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To make the proof of the main theorem complete, it would 
be necessary to admit all possible singularities in the cubic, 
all possible singularities or degeneracies in the curve /;, at 
common points, and all possible special relations of tangents 
at such points. We shall shorten the proof by considering 
only the simplest case, which furnishes a sufficient model for 
all the others taken in the order of their difficulty or intricacy. 
Assume therefore that 

1. The curves, gy — 0 and f= 0, have all their intersections 
in distinct points, and that the triangle of reference is so situated 
that no vertex lies on any line joining two points of intersection. 
In this case the resultant of the equations 9(a, 2, 73) = 0 
and f(a, v2, 73) — 0 found by eliminating z; will have 3n 
roots (v::2,), all distinct. 

2. The term 2? occurs in the equation ¢(%, 2, x3) = 0, 
with a coefficient not zero; that is, the curve of the third 
order does not contain the vertex x, = x. — 0 of the triangle 
of reference. 

3. The elimination of 7; between the equations gy — 0 and 
jf —O0 has been performed, and the resultant expressed in 
the form 


dd ) R(x ; Xz) —— (11, V3, Xs) Say 772, x3) He B(x1, Xo, 23) . p (21,22, X3) 


so that @ and # contain no common factor rational in the 
coordinates. 

Proof of the theorem. The product «-F' is to be formed, 
containing all three variables; then by ordinary division by g, 
both dividend and divisor being arranged in descending powers 
of v3, all powers of v3; above the second can be removed (i.e. 
gathered into a product 7(7%, x2, %)-g(a%, Xs, 23), So that the 
remainder is only of the second degree in 2. 


CWeael sy gO, 2,5 0, Xs) 


Now every point where «/' — 0 and g — 0 will make G — 0, 
But this includes every point where f— 0 and g = 0, by 
hypothesis, and also all those points where « = 0 and » — 0. 


gt 
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By the foregoing identity (1), these two sets of points include 
all those in which gy =O and & — 0. 

The equation R(a,, v2) = 0 is a system of 3n lines con- 
verging to the point 2 X_ == 0, each line giving one of 
the component factors of A. Any one such line cuts the 
cubic, ¢ — 0, in 3 points. Accordingly there are 3n lines, 
each of which contains 3 points satisfying the equation, quadric 
in x3, G — 0. Hence that curve, G— 0 by the lemma above 
stated, contains all the points of every such line; and every 
factor of R(az,, x2) must be a factor of G(x, 72; x3). There 
subsists therefore the identity 


(3) Gai, Wa Bey) = PG a) A (G4, ee as) 
This with the identity (2) gives us 

aK = y-.g-+A-R 
or, by the use of identity (1) 


eF = ppt A-(ef+ 8-9), 
(4) . tA 
Re Apes = eee 
The proof will be complete as soon as it is found that the 
74+ ABs 


quotient “' ——— is_ actually an integral expression, a poly- 
« 


nomial in the coordinates 2, x2, 23. Since F' and A-f are 
integral expressions, in the identity (4) the term (y + A@)@/e« 
is either integral or zero. By hypothesis the curve g — 0 
is a proper cubic, that is, the polynomial y has no rational 
factors; hence e@ cannot divide gy, therefore « must divide 
exactly y-+ A&. Call the quotient B(a,, xs, x3) or B(x). The 
identity (4) is now written 


F(x) A(x). f(x) + B(x)- (a). q. e. d. 


If the hypothesis be extended to admit contact of the curves 
J 0 and g = 0, we should have double factors in R(x, 2) 
or double lines through the vertex a,— w.— 0. In equation (2) 
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we should have now a stronger hypothesis both concerning 
intersections of #’ — 0 with » — 0 and concerning those of 
a —(Q with » — 0. This could be treated either directly as 
a limit case, or indirectly through partial derivatives, and 
G(x) would be found to have a double factor also. For full 
details of this and more complicated cases the reader should 
consult Noether’s article in Mathematische Annalen, Vol. 6, 
pp. 3d1—9. 


§ 2. Residual and corresidual sets of points. 


The 3n points where a cubic curve is intersected by a curve 
of the n-th order are called a complete point set or a complete 
group on the cubic. Any set of points on the cubic, not 
complete, is called a partial set, or group. It may be partial 
because of the number beng not a multiple of 3, or on 
account of the postions of the points although their number 
in 3n, some multiple of 3. 

The sum of two complete groups is a complete group. Let 
A,-— 0 and f; ~~ 0 denote the curves whose intersections with 
the cubic, » —— 0, are respectively the complete groups 
G, and Gz. Then the equation ff. = 0 gives a curve 
intersecting in the sum of the two groups, G,-> G2. As this 
is a complete intersection of the cubic with another curve, 
it is a complete group. Note that there are usually an infinite 
system of curves having the same intersection, as shown by 
the equation f,f2+ M@-g — 0, where M is an arbitrary 
polynomial of the proper order. 

When all the points of a group are points of a larger group, 
their removal is called subtraction, and the remaining points 
of the larger constitute the difference of the two groups. 

If one complete group contains another, their difference also 
is a complete group. Suppose that two curves, f/f; — 0 and 
fo — 0, cut the cubic in the complete groups G, and G@,, 
and that (@, contains (, the difference being a group G;. 
Then is G; necessarily a complete group. For the theorem 
of the preceding section is applicable, and we have the identity: 


125 A+ fat Beg. 
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Therefore every point where both y= 0 and jf, = 0 is either 
on the curve f2 = 0 or on the curve A — 0; and conversely 
every point where » —0 and A — 0, that is, every point 
of Gs, is in the group G,. Hence G, is complete, as asserted. 

From a complete group a partial group may be removed 
or subtracted. Then the remainder cannot be complete (by 
the theorem just now proved). 

Two partial groups whose sum is a complete group are 
called residual to each other. Denote two such partial 
groups and their sum by |, ge, G. ‘ 


G = H+9s+ 


If a second curve contains all the points of g,, and a different 
residual group gs, 


Gi ma GS +98 3 


then ge and gs are called corresidual. Two groups that are 
residual to the same group are called corresidual. Such groups 
may contain the same number of points, or different; and 
their points may be all different, or in part the same. The 
most important theorem concerning residues is this: 

Lf two groups, g, and ge, are both residual to a third, gs: 


Gy = "+ 9s; Gz = got 9s; 
and of gy i residual to a fourth, gs: 
fi a Ga == Gs ; 
then is also go residual to gy: 
Jags = Ge 
where G4 denotes some complete group. Or, if two groups 


are corresidual, every group residual to the one is residual to 
the other. 


Proor., On the cubic curve, y — 0, let the following com- 
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plete groups be cut by the curves whose equations are set 
opposite. 

N+ Ys pe 

J2T Ys jz = 0 

Grade 1 0 


The sum of the second and third of these is a complete group, 
since it is the sum of two complete groups; and it includes 
the entire first group, g, +45, also complete; hence the re- 
mainder group, g + gs, is complete also; that is, g2 is residual 
to gs, the theorem to be proved. 


§ 3. Two applications of the theory of residual sets. 

One corollary of this theorem has been proved and used 
already. It is the fact that three cubics having eight points 
in common have in common also a ninth point. On this 
corollary rested further the proof that every proper cubic 
can be generated by the method of Chasles,— the intersection 
of corresponding members in a pencil of conics and in a 
projective pencil of lines. 

The first of these we can state thus: a complete group of 
9 points on a cubic is determined by any 8 of those points. 
Or otherwise: only one point on a cubic is residual to a group 
of 8 given points. A direct proof is as follows. If the given 
points be denoted by gs, any second cubic through gs will 
cut the first im one additional point P. Let some straight 
line through P cut the first cubic also in Q-+ Fk, two addi- 
tional points. Then Q-+ /? is residual to P, and corresidual 
to gs. Hence any other point, P’, residual to gs (that is, 
cut by any possible third cubic through gs) must be residual 
also to G+ Rk. Hence Q+ Ff and P’ form a complete group, 
three points on a line. But that line is determined by two 
points, Q and R&R, therefore P’ must coincide with P, the 
third intersection of the cubic with the line QF by construc- 
tion. How to construct this residual point P by the use of 
a rule or straight-edge alone is an important problem, one 
solution of which will be given here. 

The other application of this theorem on corresidual groups, 
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the construction of the cubic by the method of Chasles, can 
be described thus. Four points on the cubic, a gy, are chosen 
at random and made the basis, or common points, of a pencil 
of conics. Different conics of that pencil meet the cubic 
again in sets of two points, gz, g2, gz, etc. These latter sets 
are all residual to the g,, and therefore corresidual to one 
another. But each of them determines a straight line, and 
thereby determines a residual point. Any one such point P? 
being residual to g. must be residual also to the corresidual 
sets 93, gx, etc. Hence the sets g, which lie on conics in 
the one pencil lie also upon corresponding lines in another 
pencil, the pencil of lines through P. The two pencils are 
projective to each other, as was proven in § 1, Chapter VII. 

In the construction of a cubic curve by the method of Chasles, 
any four points of the curve may be chosen as basis points 
for a pencil of conics. The one point of the curve that ts 
corresidual to those four must be taken as center of a pro- 
jective pencil of lines. Three conics and their corresponding 
lines will fix the projectivity, then it remains to find, on every 
other line of the pencil, the two points where it is met by the 
corresponding conic. The locus of those pairs of intersections 
is the cubic. 


§ 4. The ninth point determined by eight given 
points. Linear construction. 


Two cubics intersect in nine points, and when any eight 
of these are given, the ninth is residual to those eight upon 
every cubic that contains them. Hence the ninth point can 
be found by choosing any one point, additional to the eight, 
to fix a particular cubic, and then finding on that particular 
cubic the point that is residual to the eight. 

To simplify the problem, divide it. Consider the eight points 
as two groups of four. Determine one point corresidual to the 
first four and a second point corresidual to the second four, on 
some one particular cubic through the eight. These two points 
are then corresidual to the eight points; and it is easy to find the 
one point residual to those two, which must be residual also to 
the eight. That is, it will be the required ninth point. 
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Denote the given set of eight points by 4, A, As, Ag; 
B,, B,, B,, By or g,+ gp. Employ the Pascal theorem on 
conies upon each of the four conics determined by the g, and B,, 
g, and B,,...., g, and B,, in turn, to find their respective 
tangents in 4,. We require a point P corresidual to g,. The 
lines PB;, PB, etc. must form a pencil projective to the 
pencil of four tangents in A,. Hence the locus of P is a 
conic through the four points g,. This can be constructed 
by the Pascal method, after we first construct by the same 
method its tangent in one of those points, as B,;. That is, 
we must draw BB, B,B;, and 6,8, consider them related 
to the last three conics first constructed, and find the tangent 
in B, which makes the pencil projective to the four in A,. 
So far only the eight given points have been used. 

Next, replace any one, as By, by some selected point (, 
and proceed to find in exactly the same way another conic 
locus for P. That locus has in common with the former the 
three points 6,, Bz, Bs, hence the fourth can be found by 
linear construction. That fourth common point of the conic 
loci 1s P, corresidual to the four points of g, on the particular 
cubic that contains C. 

Repeat all these constructions, to find on the same particular 
cubic the point @ corresidual to the set g,. Finally draw 
the line PQ, and the third point where it meets the particular 
cubie is the point desired. It is determined by considering 
PQ as a line in the pencil P, and seeking its intersection 
with the conic that contains gy, and the known point Q; or 
that of QP with the conie containing g, and P. 

Many steps of this construction can be abridged; e. g. we 
might take for P any arbitrary point on its locus, and make 
C coincide with it. Or we may take a new particular cubic, 
find a second couple of points P’ and Q’, then make lines 
PQ and P’Q’ intersect and give the required ninth point. 

Special cases, in which three of the points are collinear, 
or where this happens more than once, give briefer solutions. 

If the complete curve were supposed given by a drawing, 
so much of it that none of the points to be constructed should 
fall beyond its limits; and if the eight points upon the curve 
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were given, the finding of the required ninth point would be 
far simpler. Any two given points fix a line, and this pro- 
duced sufficiently gives a third point on the cubic residual 
to the first two. In this way, from the eight points, four 
points are found which constitute a residual set or quadruple. 
Those four can be arranged in two pairs, and determine two 
points residual to the four, therefore corresidual to the given 
eight. From those two, finally, the one residual is deter- 
mined, and this is residual also to the eight; it is the desired 
ninth point. be 

On residual and corresidual sets a general theorem can be 
formulated, whose proof is readily made from NOETHER’s funda- 
mental theorem. 

On a cubic curve, if there are given a set of points not com- 
plete, in number 3n, 3n—-+-1, or Bn-+ 2, these are residual to 
other sets of 8 points, 2 poimts, or a single point. The last 
case is uniquely determinate; im the second, one of the two points 
may be chosen arbitrarily and the other is then uniquely deter- 
minate; in the first case, two are arbitrary and the third point 
then wnique. 

PROBLEMS. Four lines form a quadrilateral ABCD. A cubic 
is tangent to 4B at A, to BC at B, to CD at C, and to DA 
at D. Thus are given eight points on the cubic. Prove that 
the ninth, residual to these eight, is the intersection of the 
diagonals AC and BD, 

Is this true also when the alternate sides of the above 
quadrilateral are arcs of two intersecting conic sections? 

Let four of the eight given points be the common points 
of two conics, and the other four lie, two on each of those 
conics. What two lines meet in the ninth point? 
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CHAPTER IX. 
Elliptic Integrals and Abel’s Theorem. 


§ 1. Parametric representation of points on a plane 
cubic by the use of an Elliptic Integral. 

A differential expression Mdx —+- Ndy, when MV and N denote 
functions of # and y, has a definite meaning and is integrable 
if x and y are coordinates of a point restricted to a definite 
curve as path of integration. An elliptic integral arises, for 
example, when N is zero and M is a rational algebraic 
function of » and y, and the path of integration is a plane 
cubic curve. Take the equation of the curve in the Weier- 
strassian normal form (see Chapter IT, § 9), 


UA 5 


The particular integral that we shall employ is 


| oY doe f : dix 
ua = — —= eee ag 
: y . V (42°— gox — gs) 


The lower limit of the integral we shall fix arbitrarily. When 
it is taken to several different points of the curve as upper 
limits, as (7%, 41), (v2, yz), etc., the integral may be denoted 
by wm, ww, ete. with corresponding subscript indices. 


CP ore *X2, Ys 
e151 dx Y2 dx 
i — iy Ug = Say seeslvenisigs 
y ; y 


This integral is useful in geometrical questions by reason of 
its relation to corresidual point sets. 


§ 2. Abel’s Theorem. 

The following is the famous Theorem of Abel as related 
to points on a plane cubic. The term modulus will be defined 
later. 
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ABEL’s THEorEM. When the points which form the upper 
limits and those which form the lower limits of a set of elliptic 


mtegrals, ; 
EE ale. 
di : 
ui = { ar = Breas 
e Y 


are two corresidual sets of points on the plane cubic: 
y? = 42°— 9.x — 9p, 


‘“ 
then the sum of those integrals is zero, or differs from zero by 
the sum of integral multiples of two constants, @, and os, 
called the moduli or periods of that integral u: 


Uy Ue + ees ty = O+ mo, + mas.. 


The converse also is true: if the sum of 2 such integrals is 
zero or a linear integral combination. of the two moduli, then 
the » upper limit points form a set corresidual to the set 
of n lower limit points. 

We shall fix as lower limits three collinear points, and for 
convenience they may be taken coincident, namely at a point 
of inflexion of the curve. Then we have to prove that: Jf 
the three upper limit points are collinear, the sum of the three 
mtegrals is zero, or differs from zero by a sum of integral 
multiples of the two modula. 

Lemma on partial fractions. 

A formula often proved in treatises on Integral Calculus 
relates to the resolution of rational fraction in one variable 


= 


: : re ee N(x 
into simpler fractions. Denote the fraction by ae. and let 


the degree of D be n, that of V not higher than n—1. Also 
let the » linear factors of D be all different. and different 
from those of J: 


D(x) = cla—x2,)(a- La) ee (a =a). 


The formula is then the following: 


N@) — yi) _ 
D@) & @—x) D(a) 
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; 0 
Here D'(x) denotes oy, D&- (See Todhunter’s Integral Cal- 


culus, § 19.) 

L- p(x) 
F@)’ 
F(x) = c(a@—«a,)(a—%s)(~—2). Then for the value zx — 0 
we shall find 


a = SE) ¢ ie 
F(x) do = (x — ai) F' (a) Nae=0’ i 


= g(%1) g (wre) | gp (xs) 
0 Ga) | F(a) Eas). 


For our present use, let the fraction be and 


This is the lemma here required. The proof here used is 
taken, with slight changes, from Weber, Elliptische Func- 
tionen, § 9. 


Proof of Abel’s Theorem for collinear points. 
Let a straight line vary continuously with the variation of 
a parameter ¢. For ¢ = % let it intersect the cubic curve 
2 we 
yo = 42° — G24 — gp 
in the points forming lower limits of the integrals 


Uy + Us + Us, 


and for ¢=-¢,, in the upper limit points. Let the points 
remain collinear during integration, upon the line 


ie b= y = 0 
a and } denoting functions of ¢ as specified. The three vary- 
ing values of ~ are found from the equations of line and cubic, 


after eliminating y, as functions of f¢: 


F(a) = (a+b)? —42* + gre + yn = 0, 
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or abbreviated, # == P*—7 0. At each intersection we 
: : : of 

have the differential relation (since ae =U) 

a Pp | 

ape di oe, == (), 
Ox 
oi ab 
ee ee ee I eee 
oe Vf OF 199 —2a®x G2— 2ab 
OX 


hence by the lemma, since /’(x) — 0 gives the three values 
1, Xe, X, and since dP/dt is of degree 1 in x, while F is 
of degree 3, 
eared 
luz -+ dit pees shi |): 
diy, + duty + dats Se 
Integrating, we have 


ot, 


Uy + Ug + Uy = { Ott —— Odea. 

J) te 
This proves the direct theorem, that the vanishing of the sum 
of three integrals is a necessary condition tor the upper limit 
poimts to be corresidual to the lower limits. As to the con- 
verse, we shall assume that x is a single-valued function of u.* 
Then since a third limit point collinear with the first two is 
one solution of the condition 


Uy aa Us oe US 0, 


it is the only solution. 

The proof for a larger number of points is exactly similar 
to this for three. We know already by the fundamental 
theorem of Noether that only one condition is to be satisfied 
in order that one set of m points may be corresidual to an- 
other set, and that condition is now found to be expressed 
as a linear equation in the parameters: ; 


Uy -} Us -|- aire a7 hie — (0). 


* For the proof of this statement, consult BurKHARDT: Elliptische Funk- 
tionen, § 7. 
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§ 3. Periods of the elliptic integral u. 

The curve defined by an algebraic equation contains only 
a simple infinity of real points, but a double infinity of 
imaginary points. Each variable coordinate has a double 
infinity of complex imaginary values: 


%=&% +a,V—1 


both 7, and x2 denoting real numbers. To every such value 
of x the Weierstrassian equation of the cubic curve determines 
2 values of y, complex or real or pure imaginary. The 
aggregate of pairs of values of » and y is therefore doubly 
infinite, and can be thought of 7 terms of real points only 
as a surface. Paths of integration for the elliptic integral 
are any continuous lines in such a surface. Two paths of 
integration between the same limit points are proved to give 
the same value of the integral provided they can be deformed 
continuously, the one imto the other, while remaining in the 
surface; that is while consisting solely of points satisfying 
the equation of the curve. 

In Analysis situs it is shown that two independent closed 
paths, or loops, exist on the surface (or curve), and that 
any two finite paths between fixed limits can differ from each 
other only by a finite number of loops of the two kinds. © 

If the curve is bipartite, consisting of one odd branch and 
one even branch, such independent paths can be defined 
simply enough. The first will be the complete odd branch; 
the other, any continuous path from an initial point on the 
odd branch to any point on the even branch, together with 
a return route consisting of the same values of a in reverse 
order, and the values of y conjugate to those first employed. 
The integral u taken over the former (real) path we shall 
call w,, that over the second (imaginary) path will be desig- 
nated by ws. 

To make the matter more explicit for this bipartite cubic, 
let a line vary with one point fixed, namely the point at 
infinity on the y-axis. That is a point of inflexion, and 
we know (III, § 6) that exactly three tangents can be 
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drawn from it to other points of the curve, also that the 
three points of contact will all lie on the x-axis, since that 
is the harmonic polar of (0, 1,0) with respect to the curve 
y? = 42°—g.x—g,. But the points on the z-axis, call then 
v=, =e, © == 6, are given by the equation 


42° — gor — gs = 0 = 4(@— |) (x — e2) (@— &). 


If g2 > 0, and all the roots are real, then the following dia- 
gram shows schematically the situation, the roots arranged 
in order of magnitude with e, <e < es. ‘ 


The point of inflexion at oo, (« = 0, y=) is the point 
selected for lower limit of the integral or parameter 7 


2, Ye a dx 
Vi eS = Serene 
hie) out JoV 40° — goa— gs 


Hence by Abel’s Theorem every ordinate meets the curve 
in two finite points, the sum of whose parameters is zero or 
a period: 


O = t+ us, or myo, + meas —= Uy + Ug. 


On any one of the three tangents, a — ws, because the points 
coincide. 
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This is obvious at e;, since the paths of integration might 
well be from c& to 7 es, along the upper half of the odd 
branch for us, along the lower half for ws, and therefore 


with opposite values of y, so that w= —ws 3, meeting at x = e;. 
@ @ . : 
If then wz — Gus 3 = —->-- But as the line describes 


the real pencil about the center at 7 — «, while it passes 
from ts to ¢; the limit points which it carries are conjugate 
pure imaginary, and come to coincidence first at a =e. Call 


= = BV—I, then will 


the increment of 7. from e; to és, 
. a Lone ae A 
the increment of wz; be —BV —1, and the sum will have 


become 


Gat mln, = (o4+ 2 ae i= J aE 


Again, fix one point of a variable line at (e, 0) and let one 
intersection with the curve vary from (0, &), along the positive 
half of the odd branch, to the point (¢;, 0). The other inter- 
section meantime will move along the negative half of the 
even branch from (e, 0) to (e,,0). The parameter of the 


E (7) 
former increases by i hence that of the second changes 


(2) Ws Os i AE: 
from a ate, 3° The periods may therefore be indicated 
thus, for our present purposes. 


2 = ee "63 7. cd) 
dx dx dx 
2 { a Sr Wy 2 | — = @3, 2 | Se Te 
Ry a at Y e/ Cx Y e/ Cs + Y 


When the curve is unipartite, (having no even real branch), 
periods can be defined in this same way by reference to the 
intersections of the curve with the x-axis, two imaginary and 
one real. In this case, of course, there is not the possibility 
of defining the paths from e to ce. and from e, to es by using 
exclusively real values of x. For geometrical applications, 
however, any path is as suitable as any other. 


9 
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§ 4. Application of Abel’s Theorem to brief de- 
monstration of geometrical propositions. 


The form of equation used above, the Weierstrassian normal 
equation of the cubic curve, represents not a particular curve, 
but equally well all curves of the third order. Hence the 
representation of its points by the values of an elliptic integral 
as parameter is equally valid for every such curve, except 
those having singular points. In case there is a double point 
or a cusp, the quantity /(~) under the radical has a square 
factor, and the integral is no longer elliptic. We shall exclude 
singular cubics from consideration in this chapter. 

We shall assume as lower limit point of the integral or 
parameter always a real point of inflexion. As there are three 
of these on a real cubic, this is permissible. A point of 
inflexion, thrice counted, forms a complete point set, namely 
the triple intersection of the curve with an inflexional tangent. 
Then of course if we are considering a sum of six, or of nine, 
integrals, the lower limits form a complete set, the intersection 
of the curve with that same inflexional tangent counted doubly, 
or triply, ete. By this convention we have the vanishing of 
a sum of 3n values of the parameter as the necessary and 
sufficient condition for the 3n points at the wpper limits to 
form a complete set, the complete intersection of the cubic with 
a curve of the nth order, proper or degenerate. Vanishing is 
to be understood as becoming equal to zero or to a sum of 
entire multiples of the two periods. 

Tangent at a given point. 

At any point «=m, draw a tangent. Let it cut the 
curve again at w— ws. Then the equation of condition is 


2a, tu. = 0+ mo, + meas, 


Ug = —2a, +m, @, + mars. 


The tangent im the point wu, meets the curve also in the 
point —2u,. 


Tangents from a given point of the curve. 
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If from a point ws any tangent is drawn, touching the 
curve at a point aw, since 


Us + 2u, = 0-4 mo, + moor, 


Us M4 1, Mao 


ee 


2 2 2 


Since entire periods added to the parameter do not change 
the point, the only possible points of contact are found by 
giving m, and mz the values 0 or 1. There are therefore 
four points: 

o; Uz, We Us 


=a Sy > ew I 


2? 2 Ze 2 


+ @s 
ye 2 25 ar 


The four points of contact of a pencil of tangents drawn from 
a point of the cubic curve have parameters whose differences 
are half-periods. 
Points of Inflexion. 
For three intersections of a line with the cubic to coincide, 
the condition is 
3u = 0+ ma, + moos, 
.— mat Mag 
As the solutions are all given by assigning to m, and m2 
values 0, 1, or 2, there will be exactly nine inflexions. We 
may arrange the values of m, and mz in a square array: 


0,0 1,0 2,0) 
0,1 i 21 
0,2 1,2 2,2 


The parameters will be found to sum up to entire multiples 
of m, and w, if we take three points in a horizontal line 
or in a vertical line of this array, or three whose positions 
correspond to any term in a three-by-three determinant. This 
is exactly similar, we notice, to the array used in Chapter LV, 
$5, to represent trilinear coordinates of these same points. 


Qg* 
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If m, denotes the veal period, «== 0 being a real inflexion 
on the odd branch, we can verify here the statement that 
there are three, and no more, real inflexions. For, first, only 
the inflexion-points 
, 2a, 


ca mag 


are on the odd branch. Secondly, if there are other real 

points of inflexion, their parameters differ from real values 
g @ 2 . 

by =... But i subtracted from any of those in the above 

array will leave some fraction of », plus an integral multiple 


of e but not of = which therefore is not a real quantity. 


Inscribed Quadrilater als. 

If four lines intersect one another only in points of the 
cubic, they form an inscribed quadrilateral. Call the para- 
meters of those intersections 2, w#,..., us. The conditions 
of collinearity are 

Uy + +us = 0 

Ui orale = 
Us HU + Ue = 
Ug + Us + us = 0 


the sign = signifying equality save for finite integral multiples 
of m, and @,, called usually a congruence. 

The points w and w, are at opposite vertices of the quad- 
rilateral, as are aw. and as, wz; and w,. The difference of two 
of these equations of condition gives one of three congruences, 
or collectively: 


Ui = Ue Us Un as Ug a ee an Ug — Us. 


It follows that 


mM, + Meas 
Uf as ee gas 


so that opposite vertices have parameters which differ by a 
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linear combination of half periods, and all three pairs of 
opposites give congruent differences of parameters. 

Hence for a given point w,, the opposite parameter a, can be 
determined in three ways. For the solution m, = 0, ms = 0 
would make the points coincide; this leaves only three pairs 
of values for (7, mz), viz. (0,1), (1,0) and (1,1). Any other 
pair would give a parameter congruent to one of these. 

Since there are no other inscriptible complete quadrilaterals 
than these three, and since any one of the three Hessian 
correspondences gives a system of inscribed complete qua- 
drilaterals, it is evident that these systems are the same as 
those. The pazrs of points that form a Hessian correspondence 
on the cubic have parameters, whose constant difference is a 


WO, Ws 
—, —, and 
ve ae a 


belong respectively to the three Hessian correspondences. 


half period; and the three incongruent half periods 


t+ 
2 


@ 


The convenience of this elliptic parameter for geometry 
on the cubic is strongly indicated if we compare the theorem 
on corresponding points in a Hessian relation, and its proof, 
with the following formulation. 

If two pairs of points on the cubic are taken for pairs of 
opposite vertices in a complete quadrilateral, each pair having 
parameters which differ by the same half period, then the 
third pair of vertices will lie on the cubic, and their para- 
meters will have the same difference. Denote the given para- 
meters by 


() = (07) 
a, a+-->, and 6, b+ 9) 
then, since 
P (07) @ 
ay (a =|. b) = (w L y b | 2 Np 


two join-lines intersect the cubic in the same third point; 
and the other two join-lines do the same, giving the parameter: 


ees lu fe [0+ “)) ine (x i 4 4 i). 


This proves the theorem. 
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§ 5. Steiner’s inscribed polygons. 

If two points 4 and B on the cubic are taken as funda- 
mental, a broken line inscribed in the cubic may be constructed 
thus: To any third point P, draw a line AP, and produce it to 
meet the cubic again in a point Q,. Let BQ, meet the curve also 
in P,, and AP, likewise in Q:, etc. Alternate segments pass 
through 4A, the others through B. Any two consecutive points 
in the series P,, Po; Ps... Pi, Pes, ..... will have parameters 
whose difference is b — a, the same as for fundamental points B 
and A; also for the series Qi, Qs, .. the difference will be a—b. 
For P; and Pj+n the difference is n(b—a). 

The most interesting series are those which close, the point 
Py4+1 coinciding with P,. For that it is necessary and suffi- 
cient that 
M10, +My. 


Or — pe VO) == 0 Or ba - 


Let A be given, with its parameter a; and suppose it is re- 
quired that the polygon shall close with » pairs of points 
Pi, Qi; also let m be a prime number. Then for each of 
the integers m,, m2, there are n possible choices that give 
incongruent solutions, 0,1,2,...2—1, save that we may not 
choose 0 for both. This gives therefore (n*—1) values for 
b—a; that is, (n?—1) positions of the other fundamental 
point B. When n = 2, the case of a quadrilateral, 1? —1—3 
as we have seen above in the Hessian correspondences. 

When the fundamental points are suitably fixed, any other 
point of the curve may be Pi. The fixing of A and B as 
above described arranges all other points of the curve in cyclic 
sets of n points. 

It is an easy exercise to prove that if one of the points 
(i be chosen for P,, the two sets (2) and (Q) are simply 
exchanged and each set has its order reversed. This also 
is seen directly from the given mode of construction. 

When 2 is not a prime, certain other pairs beside (0, 0) 
are to be rejected as values for (7, m.). E. g. if n is 15, 
my, and ms Must not both be multiples of 3, nor both multiples 
of 5, since that would determine a series closing in fewer 
than 15 repetitions. 
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The fundamental points A and B of a Steiner inscribed 
polygon are consecutive points P;, Pi+1 in a particular set of 
points P, alternate vertices of such a polygon; and therefore 
of course B and A are consecutive points in a Q-set. Every 
P-set is a Q-set in inverted order. 

Conversely. Jf in any closed Steiner polygon of n sides two 
aliernate vertices P,, Ps be selected for A and B, fundamental 
points of a new Steinerian construction, the latter also will 
close with 2n sides. For the only essential fact is the differ- 
ence of parameters ps—yp,, which is in this case the same 
as the difference )—«a. The same fact shows that: 

The projection of a Steiner pair A, B, from any point C 
upon the cubic yields a new Steiner pair A’, B' which determine 
Steiner polygons of the same number of sides. For it a, b, ¢, 
denote the parameters of 4, B, and C, the projection A’ of 
A from C will have the parameter 


a’ =—(c+a) 
and B’ will have the parameter 
b’ =—(e+)) 
so that b’—a' = (a—b), and that is by hypothesis 


Mz 0, + My Oy 


n A 


the necessary condition for closure in 27 sides. 

Any point of the P-set may be used as center C, and all 
the Q-set be projected into a set of 2 points (/?). From all 
points of the P-set the projection of the @-set will give the 
same set (7). The relation of the three sets of 2 points, 
(P), (Q). (R), is entirely symmetrical. Though every point 
of each set there can be drawn 7 lines, each containing one 
point of each of the other sets. The proof of these state- 
ments is immediate from the use of the elliptic parameters. * 


* For fuller statements, and proofs by the notation of I. Weyr, see article 
by P. H. Schoute, in Journal fiir r. u. a. Mathematik, Vol. 95 (1883), p. 106, 
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§ 6. P. Serret’s Pentagon construction for the cubic. 


Can a pentagon be inscribed in a cubic so that every point 
where a side meets the opposite diagonal shall be a point 
on the curve? If so, denote the elliptic parameters of the 
vertices by 2, W%2,..., %s; and the five extra vertices, or in- 
tersections of sides with diagonals, by v1, v2, .... vs. Number 
the latter thus: let a, meet ists IM V4, Uotly Meet ry Uy 
in v;, etc. The ten equations of condition are as follows: 


My + ve + vy = 0 Ug + Us + Va =O ‘ 
ths = as 1 Us) tea Ua te 
Us + Ua - UV, = O Us + Us + vy =O 
Us + Ug == Vo == 0 ty Ng ae 
Us, Ms Ps ==.) Vere Oe =— IR 


These 10 conditions are not independent, for those in the 
left column and those in the right have the same sum: 


5 5 
2 Sut > = 0. Hence they do not define a particular 
1 1 


set of 10 points on the curve, nor can they determine a finite 
number of such sets. 

Subtract each equation on the right from the one opposite 
on the left. The results can be arranged thus: 


=U == = 0 = Wha Ui — Us = Via i 


Hence the parameters of the vertices form an arithmetical 
progression. Since the cycle is closed, i. e. since w, + 5d == w, 
; 5 , Ws +. 
we require Od == 0 or @ == 7; 5 “Ns, “a HEth) pariwor 
4 Dal 

a period. From this it follows that 

Ug =m d, w%~=Hy+2d, mw—=ut+3d, w=u,+4d. 
mh 


he two equations for v7, give the same solution 


2m +5d+y, QO, or vy = —2um. 


TX, 7 SERRET’S PENTAGON ee 


This shows that the tangent at «, meets the cubie again 
in v,: the same can be shown for v2 and ve, ws and v3, ete. 
Accordingly 

ve— UY 2 (a, — 29) aE ie 


But 2d, like d, is one-fifth of a period of the elliptic para- 
meter. We have proved this theorem: 

Livery point of the cubic may be taken as one vertex of 
a complete pentagon, whose ten vertices all lie on the curve. 
Five of the vertices, called extra, will be the tangential points 
of the other five called primary; and these extra vertices may 
be taken in their order as primary vertices for a new pentagon 
whose extra vertices will also lie on the same cubic; and this 
construction may be repeated indefinitely. 

The theorem of P. Serret* comprises the above and its 
converse, or complement, as follows. 

Any five points, no three being collinear, may be taken as 
primary vertices of a pentagon in any assigned order. The 
cubic curve which passes through those five primary vertices and 
four of the extra vertices will pass also through the fifth extra 
vertex of the complete pentagon. 

For proof, write nine of the foregoing equations of condition, 
and in the remaining equation—one of those containing v;— 
replace vs by vg. Adding the right and left columns separately 
gives the proof that vs; —— vs, so that the final intersection 
lies on the curve. 


§ 7. Triply tangent conics. 

Abel’s theorem states that for a conic, as well as for a line, 
the sum of the elliptic parameters of the points where it inter- 
sects a cubic is zero or a period (sum of integral multiples 
of w, and w.), and the converse. If the six points coincide, 
two and two, so that the conic is tangent in three points to 
the cubic, say in m4, ws, and ws, the condition to be satisfied is 


Quty-+ 2rto+ Qug = 0 = mo, + mee, 
Wy Ws 

Uy Ug + Us == MG +- Ng ne 

~ ~ 


“al es SERRE: Comptes Rendus, (Paris), Vol. 115 (1892), p. 406. 
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If m,, m: have the values 0, 0 or are both even integers, the 
three points are on a line and the conic is that line twice 
counted. Of proper conics there are therefore 3 systems, 
corresponding to the three pairs of values for m,, m2: (0,1), 
(1,0), and (1,1). 

In each of these 3 systems, two of the points may be 
taken arbitrarily, and the third is thereby completely deter- 
mined. 

The tangential points of the 3 contacts are collinear. Let 
U1, Vs, vg, denote their respective parameters. Since v,+ 2u,~— 0, 
ete., it follows that o—- vs-+ vy = -—— Qa, 4 2s + Ste) = 0) 
and this is the Abelian condition for collinearity of the 
tangential points. 


These 3 systems of conics have been described previously 
(Chapter IT], § 14) in connection with poloconics. 

Two points of contact may coincide. If this point of hyper- 
osculation is known, w, and that of ordinary contact, v, is to 
be found, 


oy == Au + mo, + mss; 


there is only a half-period arbitrary, so that there are four 
solutions, the same as for linear tangents. 
But if the ordinary contact is given, the other to be found, 


Ms 


l= U ag mM, 4 
Se kee Wy > Ilo “ 
2 ‘4 SON 


then there are 16 apparent solutions of the problem. Of these, 
however, 4 belong to tangents twice counted, so that only 
12 are proper solutions. 


§ 8. Sextactic points. 


Hinally a conic may be sought which shall have all six 
points of intersection with the cubic coincident. Points where 
this contact of highest order can occur are called sextactic 
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points. Poimts of inflexion are excluded, since the conics 
belonging to them are only the inflexional tangents twice 
counted. In a sextactic point « the condition to be satisfied is 


6u = mo, + moar, 


giving 36 apparent solutions. Deduct 9 for inflexions, and 
we find as the number of proper sextactic points 27. Note 
that 3 of these are on the odd branch of the cubic; and if 
there is an even branch, it will contain 6 such points. The 
former have as values for m,, ms respectively: (1,0), (3,0), 
(5,0); the latter have: (0,3), (1,3), (2,3), (8,3), (4,3), and (5,3). 

It is seen thus that these 9 real sextactic points form a 
complete point set on the bipartete cubic. 
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CHAPTER X. 
Certain invariants, and covariant curves 
and systems. 


§ 1. Covariant curves of the third order. 

The fundamental cubics, f(x, 72, 73) or f, and its HeSsian 
H are two cubie covariants that we have studied already. 
There are no others of the third order which are not ex- 
pressible as linear combinations of these two. Of such linear 
combinations, we can form as many as we please that shall 
be covariants, by using for multipliers (coefficients) pure numbers 
and invariants. wo invariants have been defined, S and 7’, 
of degrees 4 and 6 respectively in the coefficients of the 
fundamental cubic, while the degrees of / and H are respec- 
tively 1 and 3. If we wish a homogeneous covariant of the 
third order, write the expression 


mS* Te f+ nSt T° 


and the condition 4¢ + 68+1 = 4y+ 606+ 3. This is the 
same as 


2(a—7) = 8(0—A) +1. 
If we remove from the covariant a factor 8” T°, or else S77, 
(leaving only positive exponents), the essential covariant may 
be written 

mS er? fF ag TOR, 
or else 

EM eas a (his ao 


where /: may take all positive integral values. This amounts 
to saying that the ratio of the coefficients of # and H can 
be taken any numerical multiple of any power of S*/ 7”, into 
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the quantity S*/7' and the result will be, if freed of fractions, 
a rational integral cubic covariant of the fundamental cubic. 

The converse is true. 

THEOREM. very rational covariant curve of the third order 
as a member of the pencil or sheaf which contains the funda- 
mental cubic and its Hessian. 

Proor. The equation of the cubic can be put into Hesse’s 
normal form, by a proper choice of reference system, 


a Fits so —6mx,x,7, = 0. 


This equation, and therefore also every rational covariant, * 
is symmetrical in 7, 72, 73. That is, every covariant cubic K 
must be a linear combination of three definite sets of terms: 


ipo CAO ie Dg MA Coll 


ONG aie Oat Lal ay Was teddy aaed 


But the equations of f# and H contain sets of terms like the 
first and second of these, with coefficients in general not 
proportional. Therefore a linear combination, A’ of XK, f, and 
H, can be formed, a rational covariant, which shall contain 
only the third set of terms 


Ko Kl. Jl = 1.@,- xx, + ete). 


It is now to be shown that 7; — 0. If not, we should have 


a covariant cubic curve 
ie ao) 


which contains all the vertices of owr triangle of reference. 
This triangle is any one of the four inflexional triangles of 
the fundamental cubic. Therefore the twelve vertices of those 
four triangles would lie on the same curve of the third 
order. But we have seen (IV, § 3) that those 12 vertices 
are so placed that a line joining any two not in the same 
triangle will contain also two other vertices, one from each 
of the remaining triangles. Consequently there are four ver- 


* Because every permutation of the coordinates 1, a, x; is a linear 
transformation which does not alter the fundamental cubic. 
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tices on some lines; but no three lines contain all twelve; 
and so no cubic curve, not even a degenerate cubic, can contain 
them all. hat is, there is no such covariant cubic as our 
hypothesis would require, hence /; must be zero. Accordingly 


we have 
Kee ol =O 


so that A, any covariant cubic, is a linear combination of 
f Monae Sneed. 


~~ 


§ 2. Covariant curves of the third class. 

The Hessian normal form of the cubic is not altered by 
any of the six possible permutations of the vertices of the 
triangle of reference. Hence it follows, just as in the case 
($ 1) of covariants of the third order, that any covariant of 
the third class, L, must be a linear combination of three 
definite symmetric sets of terms: 


= 1,008 + ub + 3) + |: UUs 


=p ly: (tty => USM “ URt —e O te, eat Whee 


We know already one such covariant, the Cayleyan (III, § 8), 
which contains only the first and second of these three sets. 
If we can find a second, the argument of § 1 can be repeated 
here to show that any third is a linear combination of the 
first two. 

There are two convenient ways of deriving a new covariant 
of the third order, both of which we shall explain. The first 
consists in calculating the Cayleyan covariant, Bs (w) or pat 
for the indeterminate curve: /+A4H —0 of the syzygetic 
pencil. As > is of the third degree in coefficients of its 
fundamental form, it would be of degree 3 in the parameter A: 


3 C13) 


-y =i ms : 
Pan pate Lat a.) + BD ee 


Since linear transformation of coordinates does not affect 2. 
the terms in 4, 2°, 4° must themselves be covariant separately. 
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We shall calculate explicitly only ie since that will prove 
to be independent of > and will supply the needed evidence 
that all others of the third class, including ae and Dae! 
are compounded linearly of the first two, eS and Ds 

It will make clearer the explanation of both this and the 
second method if we take the fundamental cubic in a modified 


form, with four constants instead of the single m that occurs 
in Hesse’s normal forms. Let 


f= 4 OU = dea 60x00, 
and 
Tat ea 3 | 3 
a Ok Ot ORL a, 
where 
a, = 4,0, «, = a,b’, «a, = a,b, 


Ey 
p= g (414s — 26"). 


The Cayleyan is found for this set of coefficients, just as 
for Hesse’s form in Chapter IIT, § 8, by expanding a six-rowed 
determinant. It is 


eae == > = —20(a,a,u3 + aa, U3 + a, 4,03) 


EEE A; a ARS , 
t (2 a, a, tt, + 8b"), Uy ty. 
Apply Taylor’s formula to develop into a series the expression 


: . 1 : 1 al 
DftaH above. This requires for the calculation of > 
the operation 


0 0 a) 0 - 
+ 2 . (om = cor oN — Me 
[cs epg eg + aS = 
and this is found to be 
>. = é dp 100°) (a, 0,2 > a, 0,08 + a, a, ue) 
Mot 3 (Aes £ ) (4, hos Stews se 


+ 26?(5a, 4, a, — 40°), 1, 1,. 
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This is a covariant of the kind required for the foregoing 
argument. For Hesse’s normal form it reduces to the following: 


110m? 
3 


(ue +- u3 + us) 
+ 2m?(5 — 4m?) U, Up ts, 


and its coefficients are evidently not proportional to those of 
the Cayleyan except when 8m*— 1 — 0, the case of degenerate 
curves. ‘ 

The second method is the so called method of Evectants. 
The expression (2,2, + vo7'2 + u3%3), or (x), is an édentical 
covariant; and any invariant may be constructed for the 
indeterminate cubic f+ A(wx)* instead of f alone, giving rise 
to various covariants. Thus both invariants of the cubic, 
S, and 7, will give expansions in powers of 4: 


Sot Rea —— S al li is’ aL ete. 


T's fe ux) == T+ Ae cL ete. 


These expressions S’ and 7” will be covariants of the third 
class, calculated by Taylor’s formula, 


a 
je ("tor ‘om | T. 


This process of forming covariants from invariants is known 
as evection, and the resulting forms are evectants. In strictness, 
the evection process should include partial differentiation with 
respect to all ten constants of a general fundamental cubic, 
yielding terms in w>u,, ete., if such terms would not vanish 
identically. But as we have seen already that no such terms can 
occur in covariants of this normal cubic, this omission leads 
to no error, and our four-term operator gives the complete form. 
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Since for this particular cubic the invariants are: 
S == b(a,a,a, + 0*) 
I = aiaea? 7 200° a,a,a,— 80°, 
the corresponding evectants are: 


S ="0(a,0,08 + Ay, Ue —F A, 4,8) 


— (4, 4,4, + 408)u, 16, 2g ; 


LY == 2fa. aa, + 10.0") (a, a, U2 + a,G, Us | O, M18) 


D h2(B yp J i ‘ 
— 12054, a,a, —4D*)u, uu, . 


These two are not new, since comparison with > (the Cayleyan) 
. . . F Ql 
and its derivative by the first method, > , Show that 


S: — —t ». 
T’=—6>,. 


Invariants can be derived from these cubic covariants by 
the reverse process. We see at once that the substitution 
of terms in 7. %2, W3, for coefficients a, a2 a; and b effected 
by evection can be restored by the operation 


93 q? ) a8 q3 
ne Css ) =a [es 
“Oke Ou} OU, 8U,0Uy | 


Also that 
eee A ee OO" ae GT. 


Notice also, what will soon be required for use: 
Y6TS’ —48T") = 0. 


The curve of third class, 67S’—4ST7’ — 0, is the unique 
curve in the pencil 
S-- kl’ =0 


10 
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which has its left hand member reduced to zero by the 2’ 
process. We now know also that this pencil comprises all 
rational covariant curves of the third class, accordingly we 
have the equation of the only rational covariant curve of the 
third class which is reduced to an identity by the 2’ process. 
Such curves have received a special class-name: they are 
said to be apolar to the fundamental cubic. 

By the 92’ process we can derive rational invariants from 
covariants of the third class, and conversely by the inverse 
process. Since therefore all rational covariants of the third class 
are rationally expressed as linear combinations of 8’ and 7”, 
all rational invariants are rational functions of S and T. 


§ 3. The doubly apolar curve of the third class. 

Two curves, one of the third order: f(7) = 0, the other 
of the third class: y(w) — 0, are called mutually apolar when 
their equations satisfy a certain condition, bilmear in the 
coefficients. Write the equations symbolically 


Fe) = (ax) =0, 96a) = (a) = 0 
then the condition of apolarity is 
(ga) 


A more involved relation is double apolarity, when every conie 
polar of the one is apolar to every conic polar of the other: 


(ax) (art) (ae)? 0. 


an identity in the variables (a) and (uw). Double apolarity 
implies simple apolarity, as is evident from the conditions, 
but the converse is not true. The former is nine conditions, 
the latter only one. We shall prove: 

THEOREM. To a given non-singular plane curve of the third 
order there 7s one, and only one, doubly apolar curve of the 
third class; and its equation is the rational covariant of the 
given cubic, 


|| =67s'=49T =0. 
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Proor. Take the Hessian normal equation modified as in §2 


Ue 0 ay Og, 7 yt —— O02, 2,0, ==0; 
and write the other equation with its ten terms 
Bs iy ae 2 1 ¢@ = 
p(w) = Due -|- 3D (p,uru, F GU, U3) + 6 70,.,%, Uy Ut, = 0. 


For double apolarity nine terms are required to vanish. Three 
which contain x, are these: 


(am — 207425) Uy 
+ (ay py —— 2 bye) tts 
a (ay Y3 a yy bs) Us. 


Permutation of indices 1, 2, 5, give 6 more terms, and all 
9 must vanish. The set in ;, po, p3 determine p, = pz = ps3 = 0, 
except for 8b® = a,a2a3; similarly we find g, = q2 = q3 = 0 
except for cases where 8b* = a,do.a3. Finally the other 3 
equations give the ratios: 


We shall avoid fractions by adopting, as normal form for the 
equation of this curve, 


at (u) = 2b(a,a,u3 + aga,ue + 44,03) + 6a,0,4,2,U.u, = 0. 
On comparison with the expression 
6TS' —48T" 
this is found to lack only the factor — (asa; — 8b*)?. The 


curve is completely defined by the requirement of double apol- 
arity and is also completely defined by the requirement that 


10* 
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its equation shall be a rational covariant together with that 
of simple apolarity. 

Among other features, this curve of the third class is of value 
veometrically, giving a complete duality to the theory of the cubic. 


Tueorem: The Hessian of the curve [](u) — 0 ts the Cay- 
leyan of the fundamental cubic. That is, the covariant whose 
equation is formed from the line-equation [ [(#) — 0 in the 
same way as the Hessian is formed from the point-equation 
f@ = 0 is found to be the Cayleyan. To prove thig, it is 
necessary only to use the coefficients of the [](@«) equation 
in place of those in the Hessian equation, and this substitution, 
after cancellation of a factor 2afa5az, yields the Cayleyan. 

Remember now that the Cayleyan was first defined as the 
envelope of the lines that join corresponding or conjugate 
points on the Hessian curve; and that these lines, in pairs, 
intersect on the Hessian, a pair forming: a degenerate polar 
of the fundamental cubic. Duality, the mutual relation of 
apolarity between conic polars of [[(w) and conic polars of 
f(x), gives this theorem. 

THeorEM. Quadric polars with respect to [[(w) of lines 
which touch the Cayleyan are degenerate, consisting of tivo points 
on the Hessian. The line joining two such points meets the 
line, whose polar they are, in another point of the Hessian, 
the two lines constituting the degenerate conic polar, with respect 
to f(x), of some fourth point on the Hessian. 


THEOREM. Jf a line l touches the Cayleyan, its polar with 
respect to the line-cubic, | [(w) — 0, 7s a degenerate line-quadric 
consisting of two points on the Hessian. Those points are a con- 
jugate pair, and the line l’ which joins them is a second tangent 
to the Cayleyan, conjugate to l with respect to the curve | [(a) = 0. 
In short, as conjugate points of the Hessian lie on a tangent 
of the Cayleyan, so conjugate lines of the Cayleyan (with 
respect to | ](w) = 0) meet on the Hessian. 

As the set of four points where tangents from a point of 
the Hessian touch that curve, so the dual figure for the Cay- 
leyan is noteworthy. 

Finally, as all covariant curves of the third order have the 
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same set of 9 inflexional points, so all covariant curves of 
the third class have the same 9 inflexional tangents, — the 
harmonic polars of those points, each containing 4 vertices 
of inflexional triangles. 


§ 4. The cubic curve whose first polars are a given 
net of conics. 

In Chapter VI, $ 8 we examined the question whether, a 
net of conics being given, we could determine completely a 
cubic of which they should be the conic polars. When such 
a cubic exists, its algebraic determination is made more sym- 
metrical by the notion of apolarity and the use of the line- 
cubic [ [() = 0 as an auxiliary. 

The procedure will be this. Given three conics whose equations 
are, written symbolically, (ax)? = 0, (ba)® = 0, and (ex)? = 0. 
First determine the cubic line-equation | [(w) = (au)? = 
by the 3 identical equations of apolarity 


(an)? (nu) = 0, (ba)? (zu) = 0, (cm)? (zu) = 0. 


These 9 equations are linear in terms of the mijx, and give 
a unique determination, save in the exceptional case noted 
in Chapter VI. 

Now determine in the same way the curve f(x) —— (fir)? = 0 
by the requirement of double apolarity to | JQ: 


(mf)? (neu) ( fx) = 0. 


These 9 equations give uniquely, since they are linear, the 
coefficients fijx, which were to be found. This rule is most 
conveniently and briefly expressed as a theorem. 

Theorem. When two cubics, the one a point-locus, the other 
a line-locus, are doubly apolar to to each other, then all the 
conics apolar to either cubic are conic polars of points or lines 
with respect to the other cubic. From any three mdependent 
conic polars of either cubic, both cubics, 7f determinate, can 
he found by solving systems of linear equations. 
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CHapTeR XI. 
Simple apolarity between a curve of the third 
order and a curve of the third class. 


§ 1. Definitions and a lemma on linear systems. 

The conic polars of points of a plane with respect to a 
cubic in that plane we have called for brevity its conic polars. 
In this chapter it will be convenient to use the term apolar 
conics; and usually the cubic implied will be a line-locus, 
so that the apolar conics will be point-loci. 

Apolarity is a bilinear relation, linear in the coefficients 
of each of two related curves. Hence if two point-cubics, 
fi = 0 and f, = 0, are apolar to a line cubic » = 0, or K, 
any linear compound 7, + 4f/ = 0 is also apolar to A. The 
equation of a cubic, unrestricted, contains lnearly ten homo- 
geneous parameters. If it is apolar to a given line-cubic A, 
it can be fully represented by nine such parameters; if it is 
apolar to 7 line-cubics, by 10—v7, provided that those v line- 
cubics have linearly independent equations. An easy extension 
of this argument will give the theorem following. 

THEOREM 1. Lf rv point-cubics are apolar to s line-cubics, 
and r-+s— 11, then either the first set or the second set have 
equations connected by a linear rdentity. 

Closely connected with the theory of apolarity is that of 
polar quadrangles, polar pentagons, ete. <A line-cubic A, whose 
equation is y(w) — 0, has a polar quadrangle if its equation 
is expressible by linear combination of the cubes of four 
equations of single points. Thus we, + tea@s—+ wes —- 0, or 
(ua) = 0, is the equation of a point. Let @, 8, 7, 0 be four 
points, then the equation 


key (woe)? ++ keg (4B)? + keg (roy)® + hey (4d)? = O 


represents a cubic having those four points for a polar 
quadrangle. 
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If a cubie /(~) — 0 passes through the point @, it is apolar 
to that point triply-counted. For the condition that must 
be satisfied by the two equations 


iGO. and (ae) = 0 


is precisely f(@) 0. Hence further 

THEOREM 2. Jf a line-cubic K has four points a, 8, 7, 6, 
for a polar quadrangle, it is apolar to all point-cubics of the 
sex-parameter family that contain those four points. Conversely, 
if K is apolar to six linearly independent point-cubics through 
four distinct points a, B, 7,0, it has those fow' points for 
a polar quadrangle. In proof of the latter, the converse part 
of this statement, the hypothesis gives us, in the notation 
of Theorem 1, 7 — 6; and there are beside A’ itself four other 
line-cubies apolar to those six, namely the triply-counted 
points (wa)* — 0, (78)* = 0, Wy)? ==.0, and (ud)? —0, sosthat 
s=b5, and r+s=11. But the point-cubics are linearly 
independent by hypothesis, therefore there is at least one 
identical linear relation 


A, K + de (ue)? + 23 (UB)? + A, (uy)® + 45 (ud)? = 0, 


and in this, 2;, cannot be zero, since there is no linear 
identity among the cubes of fewer than 5 linear forms. Hence 
the equation of A is reducible to a sum of cubes of the four 
point-equations, as was affirmed by the theorem. 

THrorEM 3. Jf a line-cubic K has four points a, 8, 7, 0 
for a polar quadrangle, vt is apolar to every conic through 
those four points. 

The proof is the same as for the direct part of Theorem 2. 
Also the converse is true. 

THEOREM 4. Conversely, the four intersections of two apolar 
conics constitute a polar quadrangle of the line-cubic K. 

Proor. This follows from Theorem 1 if we can discover 
6 linearly independent point-cubics through the 4 points. 
Those may be degenerate. Let the equations of the conics 
be S, =0 and S, =0; and x, —0, v= 0, 7% = 0, be .any 
three lines not meeting on either conic, nor copunctual. 
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The cubies: 
Sa = 0, S1Xe ——= 0, 4X3 — 0, 
Sox, —= 0, S72 == 0, S3X3 = 0, 


are not linearly dependent. If they were, we should have 
an identity of the form 


Si - Gia + beat, + Isr3) = So+ (yar + isd, + 33), 


Then if the lines (/) and (m) are different, (/) must constitute 
a part of the conic S., and (m) a part of S,, the residual 
parts also must be identical. This would make the Cayleyan 
of K degenerate: we may exclude that case by appending 
to the theorem the condition: 7f no three of those four inter- 
sections are collinear. With this amended hypothesis, the 
theerem is proven. 

We have seen that the polar quadrangles of a cubic K 
are the intersections of pairs in its net of apolar conics. 
A point-cubic may contain one such set of 4 points, and is 
then apolar to A. But it cannot contain two polar quadrangles 
unless it is degenerate. 

THEOREM 5. A proper point-cubic may contain one set of 
4 points that constitute a polar quadrangle of a line-cubic K; 
or it may contain no such quadrangle; but it cannot contain 
two polar quadrangles of Kx. 

Proor. The first part is obvious from the preceding. The 
last part follows from Theorem 3 and the fact that apolar 
conics of A constitute a linear net, so that the 8 points 
where two pairs intersect must lie on another conic of the 
net, too many for the common points of a conic and a proper 
cubic. As to the remaining part of the theorem, the second, 
it is evident from the existence of point eubies not apolar to A. 

THkorem 6. There are apolar cubics which do not contain 
any polar quadrangle. 

Proor. The counting of constants in a cubie containing 
a polar quadrangle shows only 7, instead of the 8 required 
for an apolar cubic. If gy, =O and gs = 0 are two apolar 


x52 POLAR PENTAGONS LOD 


conics, each involving 2 parameters, and 7, — 0 and J, = 
any two lines, the equation /,~;—/.y, — 0 has apparently 
9 constants. But only 7 are available, since 2 must remain 
indeterminate; for any other two conies of the pencil con- 
taining y; and gy, may equally well be selected, and lines 
ii, 1 to correspond. 


§ 2. Degenerate apolar curves. Polar Pentagons, 
Polar projectivity between pencils of lines and of 
conics. 

A conic C and a line / together form a degenerate cubic 
point-locus, and this may be apolar to a line-cubic A. If 
we think of the conic as given, and also the cubic A, then 
the requirement of apolarity imposes a single condition upon 
the line /, a linear condition upon its coordinates; consequently 
all lines satisfying that condition pass through a common 
pomt. That point is called the polar point of the conie C 
with respect to the cubic A. 

If five points «, 8, 7, 0, «, constitute a polar pentagon of 
the cubic A, take for conic C the two lines @@ and yd. 
The coordinates of those lnes, 7 and w, are minors from 
the arrays 


i is Oe 


[ ; if 
By Bs Bs | | 0; 0» Os 

As the cubic A has an equation of the form 
key (wee)? + key (UB)? -+ hg (uy)? + hey (0d)? + hes (ue)* = 


the polar point of the degenerate conic vw will have an 
equation of 5 terms, the first of which is 


hey (vee) (we) (ee), 
or, after substituting the values of coordinates v and w from 
the above arrays, 


hy (aba) (yOu) (we). 


Since one factor of this term, (@@e), is identically zero, the 


154 PLANE CURVES OF THE THIRD ORDER 


term vanishes. So with three other terms; the last term 
then gives the complete equation of the polar point: 


Is (aBe) (70) (ue) — 0. 


But this is the equation of the fifth point, e, of the pentagon, 
unless that point is on either the line @ or the line yo. 
Exclude this case, which is really not exceptional. A second 
pair of lines, ey and £0, would constitute a conic haying 
the same polar point ¢; so also @d and By. Now any conic 
through the four points a@, 8,7, 0 has its equation linearly 
compounded of two of these degenerate equations. Hence 
the following theorem. 


THEOREM 1. Jf 5 points constitute a polar pentagon of a 
line-cubic K, then all conics passing through four of those 
points will have as their common polar point with respect to 
K the fifth point of the pentagon. Any conic through four 
of those points, with any line through the fifth point, will 
constitute a point-cubic apolar to Kh. 

Notice that in this theorem we have two pencils, one of 
conics through «, 4,7, and 0, the other of lines through «. 
Relate these pencils projectively, and the locus of inter- 
sections of corresponding elements will be a point-cubic, 
necessarily contaiming all five base-points, and therefore apolar 
to the cubic A. 

Consider next any pencil of conics whose base-points are 
not four points of a polar pentagon. Each conic of the pencil 
has a determinate polar point, and those points form a line 
projectively related, point to conic, with the pencil of conics. 
Call that projective relation of the pencils, the polar projectivity 
with respect to the line-cubic XK. 

In the general case, the polar projectivity of the two pencils 
will be one-to-one. There are however certain special cases. 

a) The pencil of conics lies wholly in the net of apolar 
conics. The pole of every conic in the pencil is indeterminate. 
All projective relations of the two peneils are polar. 

b) There is in the pencil a single apolar conic. Then the 
others have all the same polar point. Unless that point is 
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the center of the pencil of lines, the one line containing that 
point corresponds in the polar projectivity to all conics of 
the pencil. 

If namely a conic (K,7)? = 0 is apolar, and (Aa)? — 0 any 
other in the pencil, then the polar point of the general conic 


(kyx)* + A(kox)? = 0 
is given by 


(ya)? (are) + A(koe)? (au). 
But the apolarity hypothesis is 
(kya)? (au) = 0. 
Hence the pole is given by 
A (kee)? (ats) == 0 


the same for all values of 4. 

c) Four points on one conic, with the center of the pencil 
of lines, constitute a polar pentagon. ‘'T'o that one conic the 
corresponding line is any line of the pencil. 

It is necessary next to find what projectivities between 
a pencil of lines and a pencil of conics will generate an apolar 
cubic, in the general case and also in each of these special 
Cases. 


§ 3. Condition that projective pencils of lines and 
of conics may generate an apolar cubic. 

If a non-singular cubic is generated by the method of 
Chasles (VII, § 1) by a pencil of conics and a projective 
pencil of lines, the projectivity is one-to-one with no exceptional 
lines or conics. Whether the resulting cubic shall be apolar, 
or not, depends on the relation of the generating projectivity 
to the polar projectivity discussed above. If the latter also 
is entirely regular, we have this theorem: 

TnEoreM 1. The cubic generated by the two pencils is apolar 
to the line-cubic K if the generating projectivity of the pencils 
is in involution with their polar projectivity. 
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Proor. Denote the pencils by the symbolic equations: 
(1) Ay (pa) + do (qr) = 0, 
(2) tty (Lx)? + oo (max)? = 0, 
and the generating projectivity by the equation: 
(3) Ady + Bho, + Chyue+ Dios = 0: 


also the polar projectivity by the statement that line (1) and 
conic (2) form a degenerate cubic apolar to A, the conic whose 
line-equation is (we)? — 0. This statement is expressed by 
the equation: 


(4) [A1( pa) a do (qa)] [wi(le)? + 3(ne)?] = 0. 


The involution condition is the requirement that the relation 
of two variable points (t1, 2) and (ui: 2) having the same (A) 
in (3) and (4) shall be symmetrical; i. e. that 


(5) A(qa)(ne)?— B( pe) ne)?— C(qa) (le)?+ D(pe) (le)? = 0. 


It is to be shown that this same relation is the condition 
that the cubic generated by pencils (1) and (2) in relation (3) 
shall be apolar to the cubic A, or (we)? 0. That cubic 
has the equation: 


A (qx) (ma)? — B (px) (mx)? — C(gx) (xy + D(pay(lay? = 0. 
It is apolar to A if the relation is satisfied: 
(6) A (ye) (me)? — B( pe) (me)? — O(qa) (le)? + D(pe)(le)? = 0. 


But relations (5) and (G6) are identical. q. e. d. 

Next we consider in their order the special kinds of polar 
projectivity, a), b), and ¢). 

Case a. Both conics, (mx)? = 0 and (dx)? = 0 are apolar 
to A; that is, symbolically, every expression containing a 
factor (ma)? or (/@)®, is zero. Hence equation (6) is satisfied 
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Jor all values of A, B,C, and D; and every projective relation 
of the two pencils generates an apolar cubic. 

Case b. When there is one apolar conic in the pencil, it 
corresponds in the polar projectivity to all lines of the plane 
and therefore to all those in the pencil of lines. If the 
common pole of all the conies is the center of the pencil of 
lines, the case is the same as the foregoing case (a); but if 
not, then only that line of the pencil which contains the 
common pole will correspond to all conics of the pencil. 

For the generating projectivity, relation (5) or (6) gives 
the necessary and sufficient condition. If (px) = 0 is the 
exceptional line, and (/7)* == 0 the apolar conic, terms of (5) 
involving either (pa) or (Je)’ will vanish, leaving A = 0. 
Accordingly the generating projectivity (3) gives 4. — O and 
ft, =O as corresponding elements in the two pencils, that 
is, the exceptional elements. Conversely, if these two corres- 
pond in (3), A must be zero, and condition (5) or (6) is satis- 
fied, and the resulting cubic is apolar. 

Case c. Since one exceptional conic corresponds, in the 
polar projectivity, to all lines of the pencil, there must be 
also an exceptional line, to which correspond all conics of 
the pencil. From these, the argument proceeds exactly as 
in the preceding case ()). 


THEorem 2. The cubic generated by a pencil of lines and 
a pencil of conics tm projective relation is apolar im all cases 
where the polar projectivity of the two pencils is degenerate, 
provided the singular line and the singular conic in the latter 
form a pair in the generating projectivity. The converse also 
ws true. 

From this results an important corollary: 


THEOREM 3. Jf an apolar cubic is cut by an apolar conte 
in six points, all conics that contain four of those pots have 
their conmmon polar point on the line which joins the remaining 
two points of intersection. For the cubic can be generated 
by the conics through the four points and the lines through 
their corresidual single point, provided the apolar conic of 
our hypothesis is related, in the generating projectivity, to 
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the singular line of the pencil. But in that generation the 
line corresponding to the apolar conic is the line which joins 
the remaining two points; and that line, as being singular, 
must contain the common polar point of all conics in the 
pencil. gq. e. d. 


§ 4. O.Schlesinger’s construction of an inscribed 
polar pentagon of a line-cubic K.* 


THEeorREM 1. Jf a non-singular point-cubic C is apolar to 
a non-singular line-cubic K, through every point P of the 
former can be passed a conic whose five other intersections 
with the cubic C shall be a polar pentagon of the line-cubic Kk. 


Proor. The Hessian of the line-cubic A is of the third 
class, hence only three of the lines through P will be con- 
stituent parts of degenerate apolar conics of A. Let a line 
which is not one of those three meet the cubic C in points 
POR s: Construct the one apolar conic which contains 
P, and P;; let it intersect the apolar cubic C in four other 
points, A,, 42, As, 4s. Then by theorem 3, § 3, the polar 
point of all conics in the pencil through 4,, As, As, A, lies 
on the line PP,P:,; call that polar point Q. It does not 
coincide with P unless the four 4-points form with P a polar 
pentagon, in which case the entire pencil of conics would 
be apolar conics, and the A-points therefore a polar quadrangle. 
Reject this as an exceptional case (Theorem 6, § 1). 

Through P and Q construct the apolar conic, and let it 
meet the cubic C further in the points 6B), Bs, Bs, Ba Bs: 
These five B-points are a polar pentagon of K. 

In the first place, the -points and the dA-points form a 
complete set of 9 points on the cubic C. For while the points 
P,, Py ave residual to P and to the 4 A-points, making the 
latter corresidual to P, the B-points are residual to P. There- 
fore by a theorem of Chapter VIII, § 2, the B-points are 
residual to the A-points, making a complete set of nine. q.e. d. 


* This, and nearly all of this Chapter XI, are adapted from the article 
by O. Schlesinger in vol. 30 of the Mathematische Annalen, Ueber con- 
jugierte Curven ete., p. 458. 
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Secondly, all the pencil of cubics through these 9 points are 
apolar to the line-cubic K. For example, that cubic which 
contains the point Q, let it be called ©,, will have the point 
@ corresidual to the four A-points because it is residual to 
the five B-points. Hence C, is generated by the pencil of 
conics through the A-points and the pencil of lines through Q. 
But @ is the polar point of all conics in the pencil, and 
therefore (§ 3, Case a) the resulting cubic C, must be apolar, 
and since both C and C, are apolar, the same is true of all 
cubics in the pencil through the 9 points of their intersection. 

Lastly we have through the five B-points five linearly inde- 
pendent point-cubics apolar to A. They are C, C,, and three 
degenerate curves consisting of the apolar conic, which con- 
tains the £-points and P, and an arbitrary line. Denote 
the apolar conic by Sp, and any 3 independent lines by uw, 
v, and w; then C, C,, Spu, Spv, Spw, are linearly independent 
cubics. Were they not, then must some cubic through the 
9 A-points and £-points be degenerate, consisting of the 
conic Sp and some line 7. The conic would contain 6 points 
of the set; the line 7, 3. On the conic must lie therefore, 
beside the #-points, one of the A-points, say A,, and this 
must coincide with P which is on both C and the conic Sp. 
Then will the apolar conic through the A-points contain not 
only points P, and P; but also P,—3 points of a line, and hence 
the whole line; whereas we stipulated in the construction 
that that line should not form part of any apolar conic. 

Since then those five B-points, each triply counted, and 
the curve A are apolar to five linearly independent point- 
cubics, there is necessarily a linear identical relation between 
K and the cubes of those 5 point-equations; whence the 
points are a polar pentagon of A. q.e. d. 

The conic Sp is uniquely determined when the point P is 
given, for it is the locus of the point Q on all secants of 
the cubic C through P. In proof of this, draw PQ arbitrarily, 
avoiding the 3 tangents from P? to the Hessian of A. Let 
it meet the curve C( again in ?, and Py. Then from these 
two points, determine the 4 d-points on C' by the aid of the 
apolar conic through P, and /. Let the polar point of the 
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conics through A,, 4s, ds, 44, be (on the line PQ) different, 
if possible, from Q; call it Q,. 

Upon this assumption, the line QQ, is a determinate line 
in the pencil about Q. That pencil, with the pencil of conics 
through the A-points, generates a cubic which contains Q and 
the 9 A-points and L-points, as before; and it will be apolar 
because it contains the 5 5-points. Therefore ($ 3, Case 5) 
the line QQ; containing the common polar point Q, must be 
the line projectively corresponding to the apolar conic of the 
pencil, and the intersections of these two elements, P; and Ps, 
must lie on the cubic. That is to say, there-is a cubic 
through @ containing the 9 points 4A and B of the eubie C, 
and also the points P, and P;. Having thus 11 common 
points with C, it is identical with (. But it contains Q 
which does not lie upon C, an absurdity. Therefore Q, is 
not, as assumed, ditferent from Q. All poles Q, lie therefore 
on the conic Sp, as was to be proven. 

Notice further that any point ££, of the polar pentagon 
is the polar point of all conics through the remaining four 
B-points (Theorem 1, § 2). Join 6, and P, and produce the 
line to meet the cubic C again in a point P’. If now we 
repeat from P’ the constructions made above from P, we 
shall find an apolar conic Sp, through P’ and B,, whose five 
intersections with ( aside from P’ will constitute another 
polar pentagon. Hence B, is a constituent point of at least 
two polar pentagons of Kk. It is proven by O. Schlesinger, 
loco citato, that it belongs to no more than two. 

Quite analogous to the theorem relating to mutually 
apolar conics is therefore the following beautiful theorem of 
Schlesinger: Jf a potnt-cubic C is apolar to a line-cubic K, 
every point of the cubic C is residual to one set of five points 
on UC constituting a polar pentagon of K, and is itself a member 
of two such imscribed polar pentagons of K. 
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Appendix. 


NoTE 1. (See Fig. 7, I, § 5.) 


This is possible if there is only one real point at infinity 
on the odd branch. Any line can be projected to infinity, 
hence it will suffice if any one line can be proved to inter- 
sect the odd branch in only one real point. Suppose that 
an odd branch containing no double point is cut by every 
line through a fixed point P, not on the curve, in three distinct 
real points: we can show that this is absurd, i.e. that either 
the curve must have a double point or there must be at least 
one line meeting it in fewer than 3 points, hence in. only 
one real point. 


Proor. Let one fixed line through P meet the odd branch 
in ABC. Rotate a variable line from this position through 
180°, i.e. until it first coincides with its former position. 
Call the varying points of intersection thereon 4’, B’, C’. Now 
A’, B’, and ©’ describe during the rotation, by hypothesis, 
continuous real ares, and must return to A, /, C taken in 
some order. If A’, starting at A, returns to A, its path will 
be a closed branch not containing 2 or C, contrary to hypo- 
thesis. Let A’ therefore return to B, B’ to C, OC’ to A. On 
the varying line let Pand A’ at the initial position separate 
the pairs of points B, C. At the end of the rotation P and A’ 
do not separate B’, C’. During the rotation neither B’ nor 
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©” can come to coincide with P, hence either B’ or C’ must 
have come to coincidence with A’: if it were B’, the real 
paths of A’ and B’ must cross at that point of coincidence, 
which is accordingly a real double point. As there is no real 
double point, by hypothesis, not every line through P can 
meet the odd branch in 3 real points. q.e.d. 

Further inspection shows that. a second double point would 
be required, whence the curve must be degenerate. There- 
fore even the cubic with double point or cusp is cut by some 
line in only one real point. The argument depends upon the 
tact that any possible cyclical permutation of A’ B’ C’ (here 
in the set of points P, A’, B’, C’) requires at least two trans- 
positions of one letter with another.—In the alternative, the 
actual case, that the transposition of points is effected at the 
passage from real to imaginary or conversely, this form of 
argument cannot be applied, for two imaginary points cannot 
separate two real points in a line. 
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NoTE 2. (See V, § 4, p. 75.) 


From a point on an odd branch of a non-singular cubic only 
two real tangents can be drawn to that branch. Let the point 
be O. A line OP drawn to a second point P of the odd branch 
meets it in some third real point Q. As there are therefore 
lines through O cutting in three real points, by the preceding 
note there must be at least two tangents, and also a line OR 
cutting this branch in only one point, O. Let OP revolve 
about O first in one sense, then in the opposite; before reaching 
the position OR it must become at least once a tangent, say 
first in OA while revolving in the one sense, and in OB in 
the other sense. Then the odd branch must lie wholly in the 


complete angle consisting of AOB and its vertical angle. For 
P and @ lie in that angle, and a point starting from Q to 
describe the branch does not cross the line OA at A, nor OB 
at B; but does cross both at O, since if it were tangent to 
either, as OA, at O, that line would meet the curve in two 
contacts or four points, and this is impossible. For the same 
reason the curve crosses the boundaries of this complete angle 
at no other point, and by construction there is no tangent 
to the curve in this angle. Hence there are only two tangents 
through O to the odd branch. 

From a point on an even branch there are no tangents to 
the odd branch, since such a line would meet the even branch 
in at least two points, making, with the contact, four points 
of intersection. 
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Complete sets of points on cubic; theorem of Noether, 114 
Conic, apolar, property of its 6 intersections with apolar cubic, 157 
Conics, net of, apolar to point-cubie are conic polars of line-cubic, 149 
Net of, are conic polars of some cubic, 88 
Polar, never a double line unless cubic is special, 44 
Polars, degenerate, 39 
Polars, net of, 88 
Polars of collinear points form a pencil, 46 
Conic tangential to cubic; common tangents meet cubic in 3 collinear 
points, 23 
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Conics through 4 points of polar pentagon have fifth as common polar 

point, 154 

Triply tangent to cubic, 137 

~~~ Two projective pencils in perspective position, 100 

Conjugate points are such with respect to net of conic polars, 82 

Not more than 3 systems, 88 

——— Coincide only at singularities, 43 

—— On Hessian, 43 

Corresidual systems of points, 118 

Corresponding points on Hessian, 43 

Covariant cubics, 140 

———— Curves of the third class, 142 

Cross-ratio of the 4 tangents from point of cubic is constant, 71 

Cubic as locus of contacts of two sheaves, 101 

SSS As locus of intersections of two pencils of lines in (2,2) corre- 
spondence, under one restriction, 103 

—— Cannot have 3n+1 points on n-ic, 12 

—— Covyariant, 140 

———— Pefined, 1 

——— Degenerate forms, 3 

——— Determined by 9 random points, 18 

——— Hessian and Weierstrassian normal forms, 27 

—— Indeterminate when 9 points are a special set, 18 

—— Real branches, 3 

Cubics, singular, are unipartite, 5 

Cubic, special forms of equation, 24 

——— Tangential equation of, 49 

Cubics, three, in 9 points, are not linearly independent, 13 

——— 'T'wo, cannot have 10 common points, 11 
Unipartite.and bipartite, 4 

Cusp, conditions for, 74 

Degenerate apolar curves, 153 

Derivation of cubic from 3 projective nets of lines, 98 

Derivatives, notation for, 28 

Discriminant indicates kind of real cubic, 75 

——— Of cubic, defined, 71 

Double point or cusp must lie on all first polars, 37 

—— Condition for, 74 

Durece, H., 22 

Eight points in special relations, 14-16 

Elliptic integral, particular, defined, 123 

Integral w, moduli of, 127, 

Equation, tangential, of cubic, 49 

Equianharmonic cubics, 75 

———~ Cubic has nodal Hessian, 76 
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Evectants defined, 144 
Even branch of cubic defined, 4 
——— Exists if discriminant is negative, 75 
GoRDAN, P., 71 
GrAssMANN, H., 104, 108, 110, 111, 112 
GRASSMANN’s cubic same as involution-cubic, 111. Schroeter’s, 109 
GUNDELFINGER, S., 107 
Harmonic cubics, 75 
—— Polar defined, 56; polars, configuration of, 58 
Hermite, Ch., 87 
Hessp, 0., 27, 82, 107 
Hessez’s lemma on complete quadrilateral, 83. Normal form, 27 
Hessian, conjugate points on, 43 
-—— Contains all inflexions, 41 
-— Correspondence and elliptic parameters, 133 
———— Curve defined, 39; Equation of, 40 
-— Intersections of cubic with, are inflexions, 41 
--.— Of Hessian contains all 9 inflexions, 64 
——— Of proper cubic cannot coincide with that cubic, 65 
-— Of the Hessian, in invariant relation, 66 
Hormann, F., 82 
Hoxueaste, T., 82 
Hurwitz, A., 85 
Imaginary points, 1 
Inflexional lines, 56; Twelve, form 4 triangles, 57 
——— equations of, 63 
——— Real, 59 
Inflexional triangles of given cubic, how found, 68 
Inflexion, harmonic polar of, 55 
Inflexions lie on Hessian, 41 
——— Cross-ratio of 3 with vertex of triangle, 59 
Inflexions, nine, are such on all cubics that contain them, 63 
~——— None on even branch, 6; one or three on odd branch, 7 
——— Real, 59; only 1 on singular cubic, 8; 3 on non-singular cubic, 7 
Integration, paths of, 127 
Intersection of multiplicity 7, 12 
Intersections of cubic with conic, 10; with right line, 9 
= - Of m-ic and n-ic are exactly mn, (Bezout), 13 
——— Of real line and cubic, 2 
Invariants of binary quartic related to those of ternary cubic, 73 
- Rational, are compounds of S and T, 146 
~ - § and T of cubic, 69 
Involution of rays through 6 points, centers lie on cubic, 103; 
- Locus of centers identical with Schroeter’s cubic, 108 
Of generating and polar projectivities, 155 
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Line joining conjugate points of Hessian, part of some polar, 77 
Macravrin, C., 22 
Moestius, A. F., 2, 8 
Net of conics are polars of a cubic; exceptional cases, 88, 93 
Netto, H., 13 
Newton, I., 2 
Nine points; if 6 are on conic, 3 are on a line, 21 
———— On two cubics: examples, 19, 20 
Ninth point determined by eight on two cubics, 13; linearly constructed 
from 8 given points, 120 

Nodal cubic has nodal Hessian, 76 
Node, condition for, 74 
NorTHER, M., 117 
NoETHER’s theorem on complete intersections, 114 
Normal forms, 25 
Notation for coefficients and derivatives, 28 
Odd branch meets some lines in fewer than 3 real points, 161 
———— Of eubic defined, 4 
Panton, A. W., 72 
Pentagon construction of P. Serret, 136 
Pentagons, polar, 153 
PLUSCKER, J. 22, 25 
Point-cubic, proper, cannot contain 2 polar quadrangles of a line-cubie; 152 
Points, conjugate, of Hessian, 43 
——— Residual sets, defined, 118 

—— Sextactic, 54 
Polar, harmonic, defined, 56; contains vertex of inflexional triangle, 58 
of point, 27 
———— Operation, notation for, 31 
———— Pentagon, inscribed, 0. Schlesinger’s construction, 158 
——.. Pentagons of cubic, 153 
——— Quadrangle of line-cubic, 150 
—— Relation unaltered by linear transformation, 32 
Polars that contain their poles, 40 
~_——— Properties of, 34 
Poles of line with respect to cubic, 28; four, 46 
Poles of degenerate polars, 39 
Poloconic, intersections with its line, 48 
——— Of a line, defined, 47 

Tangent to its line, touches cubic, 49 

Poloconics, all touch Hessian triply, 52 
—— Degenerate, 81 
Polygons, Steiner’s, 134 
Pro-hessians, real or imaginary, 71 
Projective cubics have same cross-ratio, and conversely, 74 
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Projectivity, polar, 153 
Quadrangle polar, of line-cubic, 150 
Quadrilaterals, inscribed, 132 
Residual sets, examples, 119 
— Systems of points, 118 
Reve, Tx., 82 
SALMon, G., 2, 18, 40 
Satmon’s theorem on constant cross-ratio, 73 
Satellite line defined, 22 
Satellites that coincide with their lines are inflexional lines, 23 
ScHLESINGER, 0., 158 
ScHours, P. H., 135 
ScHRoETER, H., 85, 86, 87, 104, 110, 112 
ScHROETER’s linear construction from 3 pairs of points, 85 
Second Hessians that coincide with their cubics, 67 
SERRET, P., 137 
SERRET’s pentagon theorem and construction, 136 
Sextactic points, 54; nine form complete point-set, 138 
STEINER, J., 134, 185 
Steinerian defined, 40 
STEINER’s polygons, 134 
SMUVESTER Gd, Lo 
Syzygetic sheaf of cubics, defined, 65 
Tangents at conjugate points meet on curve, 77 
—~——— From point touch cubic on the polar, 35; six from generic point, 35; 
four from point of curve, 36 
——— To odd branch from any point on it, only two, 163 
-—-——- Two absorbed in double point, 37 
TopuHunteER, I, 125 
Triply tangent conics, 3 systems, 137 
Unipartite cubic, 4; has bipartite Hessian, 76; has positive discriminant, 75 
Weser, H., 125 
Weterstrass, K., 27 
Weyr, H., 135 
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